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Abstract

On the example of the hyperbolic circular billiard, introduced in [Europhys. Lett.
83, 24003 (2008)] by Delos et al as, possibly, the most simple system with Ha-
miltonian monodromy, we illustrate the method developed by N. N. Nekhoroshev
and co-authors [Ann. H. Poincaré 7(6), 1099-1211 (2006)] to uncover this phe-
nomenon. Nekhoroshev’s very original geometric approach reflects his profound
regard at Hamiltonian monodromy as a general topological property of fibrations.
We take advantage of the possibility to have closed form elementary function ex-
pressions for all quantities in our system in order to provide most explicit and
detailed explanation of Hamiltonian monodromy and its relation to similar phe-
nomena in other domains.
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1 Introduction

The term monodromy appears in several domains of mathematics. Typically, it de-
scribes what happens after we go once (uovo) around a closed path (8pouoc). Mon-
odromy relates global and local structures. The two well known examples, both orig-
inating in the first third of the 20th century, are the Picard—Lefschetz monodromy in
complex geometry and monodromy of the Poincaré map near a stable periodic orbit.
Hamiltonian monodromy, as the most basic topological obstruction to the exis-
tence of global action-angle coordinates in Hamiltonian dynamical systems, was intro-
duced in mechanics by Duistermaat [33], who returned the earlier idea of Nekhoroshev
[50, 51, 52] about extending local action-angle coordinates whose existence is guaran-
teed, under certain sufficiently general assumptions, by the Liouville—Arnold theorem'
[6, 11]. Several examples of concrete fundamental mechanical systems with nontrivial
monodromy followed [28, 20, 15, 25]. During the same period, we witness extensive
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progress by Arnol’d and co-workers in the theory of singularities [8—10, 12] where
Picard-Lefschetz monodromy becomes the basic component. So mechanics and com-
plex geometry develop in parallel.

Most generally, we encounter monodromy in the geometry of fibre bundles. To
characterize a bundle we begin with describing the topology of the full space, the base
space, the regular fibres A (which have the same topology) and various critical fibres
A.. The base space is naturally stratified into the sets of images of A and A,. The image
of all critical fibres in the base forms a bifurcation diagram, connected components
of the image of the regular fibres constitute lower cells. Moving along paths in the
base space corresponds to deforming fibres and to their bifurcations [16]. Monodromy
appears in this context when we attempt to describe how fibres “fit together” in the
full space of the bundle. To this end we study connections, i.e., continuous bijective
maps between regular fibres A, in conjunction with the topology of the base. We ask
whether the bundle (A, R) of regular fibres A over a lower cell R is trivial, i.e., whether
it is isomorphic to A x R. When the topology of R is nontrivial, the answer is typically
negative. Monodromy appears when the fundamental group m; (R) is nontrivial, i.e.,
when there are closed loops Y C R which are not homotopic to 0.

In this paper, we consider monodromy in a system of a particle moving in a cir-
cular billiard with axially-symmetric negative quadratic potential, one of the simplest
Hamiltonian systems with monodromy proposed by Delos et al. [31, 32]. Because all
computations for this system can be made explicitly in terms of elementary functions?,
this example is particularly suited for scrutinizing Hamiltonian monodromy and its re-
lation to similar phenomena in other domains. So we demonstrate the equivalence of
monodromy in our system (and thus in any Hamiltonian system with a nondegenerate
focus-focus equilibrium) to the Picard-Lefschetz monodromy associated with the A;
singularity. Our main purpose, however, is to explain the global section method which
was introduced by Nekhoroshev and co-workers [48, 49, 53] in order to understand, at
first, the “usual” or “integer” monodromy on the example of the 1:(—1) resonance, and
subsequently compute the “fractional” monodromy of the 1:(—2) resonance. We will
see that through his approach Nekhoroshev gives the most direct relation of Hamilto-
nian monodromy to the topology of integrable fibrations.

N. N. Nekhoroshev [1] became interested in the problem of
global action-angle variables in the very early years of his
mathematical research activity. In his first scientific publica-
tion [50], which was based on the results of his MSc diploma
work at the Moscow State University, he studied action-angle
variables in superintegrable systems. He continued this work
in [51, 52]. Already at that time he had realized that the most
basic obstacle to global action-angle variables was nontrivial
monodromy. However, systems with monodromy were seen as
abstract formal mathematical examples, very distant from real
dynamical systems. Numerous concrete, often fundamental
physical systems with monodromy were uncovered much later
following Duistermaat [33] and Cushman [28]. Nekhoroshev
learned of the physical importance of monodromy after meet-
ing Zhilinskif in 2001 and began his long-term collaboration
Nikolai N. Nekhoroshev with Zhilinskif and Sadovskii, physicists working at the Uni-
1946-2008 versité du LittO£a1 in Dunkerque, France. As a result of his in-
volvement, Nekhoroshev made a spectacular comeback to this

2We like to note that all illustrations in this paper are computed, none is just hand-drawn.



field by introducing generalized or fractional Hamiltonian monodromy [48, 49], a clearcut new
concept which, at the time, had no predecessor in the theory of Hamiltonian dynamical systems,
and which still has to find analogs in complex analysis and singularity theory. His keen interest
in the subject (see [53, 54]) continued up until his sudden severe illness in May 2008, one week
before his new scheduled visit to Dunkerque. His many new ideas [55] that he was so eager to
discuss with his colleagues physicists had never come to light.

The outline of the paper is as follows. The definition of monodromy (sec. 3) uses
the first homology H; of the regular fibres A of the integrable fibration. We should
describe also the base of the fibration and its singular fibres. All this requires con-
crete information on the system which we gather in sec. 2. In sec. 2.4, we also explain
the equivalence of our fibration and the one in the case of the A; singularity. Using
these concrete results, we construct basis cycles for H;(A) and compute monodromy
in sec. 3. We do this in parallel for our Hamiltonian system and for the equivalent
A1 singularity (Picard-Lefschetz monodromy). The latter is considered for the sake
of comparison with the Nek}loroshev—style computation (proof) of Hamiltonian mon-
odromy which is presented in sec. 4. We observe further in sec. 5 that Nekhoroshev
treats Hamiltonian monodromy very generally, reaching across different domains of
mathematics and remaining close to the spirit of the Picard-Lefschetz theory. So,
among various methods to compute Hamiltonian monodromy, his can be seen by right
as related directly to “geometric monodromy theorems”.

2 Analysis of the classical mechanical system

We describe analytically our system. Particular applications in subsequent sections
rely on parts of this description. In sec. 2.2 and 2.7, we pay substantial attention to
the SO(2) symmetry. As Nekhoroshev himself used to point out, this symmetry anal-
ysis is not imperative to understanding monodromy. So some readers may safely skip
it. On the other hand, most of our analytical and geometrical description can be ob-
tained more elegantly and understood more fully if the SO(2) symmetry of the system
is exploited. More importantly, a normal form argument shows that such symmetry is
locally inherent in a neighbourhood of any focus-focus (or complex hyperbolic) equi-
librium [56, 57, 69, 55].

2.1 Hyperbolic circular billiard

Consider a linear Hamiltonian dynamical system with two degrees of freedom which
is defined on the phase space T*R? ~ R* with canonical coordinates q = (x,y) and p =
(px, py) and standard symplectic form ® = dx Adpy +dy A dp,, and which is described
by the simple Hamiltonian®

1

a
H(x,y, px, py) = ﬂ(pﬁerﬁ)— V) (2.1a)

with a > 0, u > 0, where V (x,y) is an axially symmetric potential function

2 2 2
+ = y < max s
Vix,y) = { x4y _pw S> gmax. (2.1b)

3 Delos et al. [32] call H “unperturbed” Hamiltonian and denote as Hy, while its value / is denoted E



Rescaling the system with Hamiltonian (2.1a), we can set without loss of generality*
u=a=1, (2.1¢)

and retain one single parameter Ppax. We can think of a particle of mass u > 0 moving
in a circular billiard with hard wall of radius pmax and scattering quadratic potential
of height p2,., /2. Potential (2.1b) restricts all configurations q to a closed disk B =
{llq]l € Pmax} C R? and our phase space is, in fact, the subspace T*B = {(q,p) €
T*Rz, qe B}. Without the wall, i.e., in the limit pp,x = oo, we obtain a simple scattering
system with the phase space T*R2. For simplicity, we call R* the phase space even
when pmax is finite.

2.2 Axial SO(2) symmetry and discrete symmetries

The system (H,T*R?, ®) with H in (2.1) is invariant under symplectic S' action
S!x T*R? — T*R?: (1,(q,p)) — (5'q,S'p) = diag(s', 5" ) u (2.2a)

with 2 x 2 orthogonal matrix

g — <cost —smt) ' (2.2b)

sint cost

These simultaneous rotations in the q and p planes about their origins constitute the Lie
symmetry group SO(2) of the system, also called axial symmetry. We can also see that
reflections © of either symplectic 2-plane in any line passing through 0, for example

6:(q,p) — (S5q,5sp) with S;=diag(—1,1), (2.3)

are also symplectic and leave (H,T*R?, ®) unchanged. Combined with SO(2), opera-
tions (2.3) constitute the full phase space symmetry group SO(2) A6 = O(2) = D, (in
the Schonflies notation) of the system. Operations S* and SsS’ form conjugacy classes
1, S* with ¢ € (0,7), S, and o (all improper rotations) of this group.

Remark 2.1 (orbits of SO(2) Ac). The SO(2) action (2.2) on T*R? ~ R* is not free.
Its generic orbits are circles defined in by (2.2) with u # 0, while the originu = 0 € R*
is a fixed point of the action which forms an isolated critical one-point orbit. The O(2)
action has the same orbits.

Existence of the critical orbit 0 has immediate consequences: any O(2) invariant Morse-
Bott function on T*R?, such as H, has an isolated critical point 0, and the respective
Hamiltonian system has an equilibrium at 0. The consequences for the reduction of the
0O(2) symmetry are discussed in sec. 2.7.

In addition to symplectic symmetries (2.2) and (2.3), Hamiltonian (2.1) remains
invariant under the reversal symmetry

T :(q,p)— (q,—p), (2.4)

often called time reversal’® in physics. 7 commutes with 6. So the full spatio-temporal
symmetry group of H is O(2) x 7. Taking (2.4) into account may simplify the analysis.

4In some of the formulae, symbolic coefficients i and a are kept to facilitate dimensionality checks
5T has the same effect on the trajectories of the system as reversing time in the equations of motion; a
more exact terminology, however, is momentum reversal



2.2.1 Polar coordinates

Traditionally, physicists account for symmetry (2.2) by introducing polar canonical
coordinates (p, 9, pp, o), where p > 0 is the radius in the (x,y) plane,

0=, =tan"' (y/x), (2.5)

is the polar angle, and (pp, py) are momenta conjugate to (p,¢). In such coordinates,
Hamiltonian (2.1a) becomes function of (p,, pp, py) only, with py conserved. The dis-
advantage of (p, 9, pp, p) is their own singularity at p = 0 which obscures correct ge-
ometry, cf. [36]. We parallel certain aspects of our description in terms of (p,d, pp, py),
see, e.g., sec. 2.7.5.

2.2.2 Basic invariants

Instead of polar coordinates (p, pp,py) the dynamics of the system can be described
in terms of invariants of the O(2) group action in (2.2) and (2.3) which are smooth
everywhere on T*R? and which are straightforwardly constructed as polynomials in
(q,p) using invariant theory. We provide some detail to illustrate the practical aspects
and applications in normal forms and Euler-Poisson reduction.

Lemma 2.2. The Molien generating function characterizing the ring of all polynomials
inu=(q,p) = (X,y, px, py) invariant under the SO(2) action (2.2a) is

g\ = (1+A2)/(1-2A%)3 (2.62)

with Hilbert form
gW) = (1=2A%/(1 =A%, (2.6b)

Proof. The construction is most simple in rotated coordinates & = %(x—|— iy) and n =
%(Px +ipy) which diagonalize (2.2) and transform as

(t, (Qn,&,ﬁ)) — U'(En,E,7), withU' = diag(eiﬂe*i’,ei’,e*i’).

The function (2.6a) can be computed directly from the Molien theorem by integrating
over the S! group [72]

1 [2n dt 1 sds
sM=52 )y d@a—rvn) Tm?fjﬂ:l —mpGonp &7

where A is a formal real variable representing any of (&,n,é,ﬁ), and where we used
the explicit form of U’ and complex unimodular variable s = e’ to obtain the standard
Cauchy integral on the right-hand side. Since A is used to Taylor expand g(A) at 0, its
value can be assumed arbitrarily small. So for [A~!| > 1, our integral has a single pole
s = A of order 2 within the unit circle |s| = 1, and the Cauchy integral formula

0 s

s=A

yields the Molien function (2.6a) in the lemma. The Hilbert form (2.6b) is obtained by
multiplying both numerator and denominator of (2.6a) on (1 —2A?). O



The ring of all SO(2)-invariant polynomials in (§,1,&,7) is generated by four lin-
early independent quadratic invariants represented by the denominator terms of (2.6b).
They are related by one quartic algebraic relation or sygyzy of the first order represented
by the numerator term. We can choose four invariants 6, = £, 6, =n, 03 = &N, and
84 = n& obeying the relation® 8,0, = 036,. To a factor, the first two invariants equal
the radius square

R=3(+y) =3¢’ =3p>>0 (2.82)

and the kinetic energy
T=3(pi+py)=30" =3(pp+m’p~?) 20, (2.8b)
respectively. Alternatively, we can use rotated invariants
X=3(T+R)>0 and Y=1(T-R). (2.9)
Replacing the remaining 03 and 8,4 for real polynomials

J1 =2i(83 —04) =xpy —ypx = QAP = py, (2.10a)
K=03+64=3(xp:+ypy) = 34-P = 3PPp, (2.10b)
we can rewrite their relation as
TR=K*+1J7 or 20(X,Y,K):=X*>-Y>-K*=1J}, (2.11)
with obvious restrictions

0<R<Rmaux = 5Ppax» T>0, X>0. (2.12)

Because of (2.11), the ring of SO(2)-invariant polynomials is not free. The Molien
function (2.6a) suggests that we can have three principal (denominator) quadratic gen-
erators and one auxiliary (numerator) generator, also quadratic. Then any polynomial
in the ring can be expressed as a polynomial in the three principal generators times an
at most linear polynomial in the auxiliary one. Specifically, we have

Lemma 2.3. Choosing (X,Y,K) and J| as principal and auxiliary invariants, the ring
of polynomials in (q,p) invariant under the SO(2) action (2.2) can be represented as

K(X’YJ() .{]7-]1}’
where R_is a free module generated multiplicatively by (X,Y,K).

Such construction is known as polynomial integrity basis [46], homogeneous system of pa-
rameters [62], or Hironaka decomposition [63], and is generally possible for Cohen-Macauley
rings [62]. The integrity or integral basis terminology goes back to Weyl [72], who, however, did
not distinguish between principal and auxiliary generators and meant only using integer powers
of all generators while supplying all algebraic relations between them, he named sygyzies. One
can also use rational functions of integer powers of generators, a rational integrity basis, which
was studied early in [18] and which is known to require lesser number of auxiliary invariants.

The system of invariants can be modified further by accounting for discrete sym-
metries 6 and 7 in sec. 2.2. We come to

Othis relation is quadratic in the invariants themselves but quartic in the variables (é,n7é7ﬁ)



Lemma 2.4. All O(2) polynomial invariants form the free module R(X,Y,K); all
O(2) AT invariants can be described as R (X,Y,K*) C R(X,Y,K).

Proof. Consider the action of 6 and 7 on (q,p) and verify that

6:(R,T,J1,K)— (R,T,—J;,K), (2.13a)
T:(R,T,J1,K)— (R,T,—J;,—K). (2.13b)
In other words, R and T (and their linear combinations X and Y) are fully O(2) x T
symmetric, K is O(2) symmetric, while J; changes sign under both 6 and 7". Dropping
the auxiliary invariant J; in lemma 2.3 (which is a covariant), we realize that the ring

of O(2) invariants is generated freely by 7, R, and K. Using K? instead of K, we select
all O(2) x 7 invariants. O

Lemma 2.4 can be illustrated by appropriate transformations of (2.6a). The auxiliary invari-
ant J; is O(2)-covariant and we should exclude all polynomials containing J;. To this end, we
can simply omit the numerator term A? that represents J; and obtain the Molien function

go(M) =1/(1-2%)°

for the O(2)-invariant polynomials. To account also for the reversal symmetry 7, we replace the
T -covariant K by K Z, Transforming 80(2) accordingly into

go) (M) = (1433)/ ((1=2)(1-22)?)
and dropping A in the numerator which stands for K, we obtain
goper(®) =1/ ((1-2)(1-222).

Remark 2.5. We can see from (2.11) that the basis (XY, J12) also suits the purpose of
expressing all O(2) x 7 invariants.

Remark 2.6. Expressing the 7 -invariant Hamiltonian function (2.1) as
H=T-R=2Y, (2.14)

we see the benefit of using (2.9) instead of (2.8). At the same time, the dynamics under
H is not T -invariant and the reduced equations of motion require using (X,Y,K), see
sec. 2.7.6. So functions (X, K) replace the “traditional” (p, pp).

Additional restrictions imposed by the hard wall In our system (2.1), for any given
value m of J;, the value & of H is bound from below:

mZ

h> hmin(m) = W — Rpax- (2.15)
max

The minimum energy A, corresponds to the particle with K = 0 and R = Rpax remain-
ing all the time at the wall and moving on the circular orbit along the wall if m # 0.
Furthermore, for any given fixed (m, k) we obtain

X < Xmax = %h'f‘Rmax (216&)

and

|K| < Kmax(mah) = \/Rmax (Rmax +h) - %mz = %\/(ZXmax)z _f27 (2.16b)

where X = Xnax and K = +Kpax correspond to the particle reaching the wall. The
lowest possible values Ryin(m,h) and Xpin(m, k) of R and X will be given later. Such
values are attained away from the hard wall when K = 0, see sec. 2.6.



2.3 Firstintegrals: momentum J; and energy H. Energy-momentum
map EM, integrable fibration

In this section, we discuss those aspects of the geometry that are insensitive to the
la|l < pmax cutoff, whose the nontrivial consequences will be analyzed later, after
considering hard wall reflections in sec. 2.5.

2.3.1 Integrability

The angular momentum J; in (2.10a) is the momentum of the SO(2) action (2.2). The
27-periodic flow

¢ :RxTR* = TR*: (t,u) — Sju, with S} =diag(s',$) (2.17)

of its linear Hamiltonian vector field X;, defines the S! orbits of (2.2). Notice that here
and elsewhere u = (q,p)”. By the Noether theorem, J is the first integral of our SO(2)
symmetric system. The latter is, therefore, integrable. We can verify this directly by
computing that J; and H in (2.1) Poisson commute, {J;,H} = 0. We can also show
that the flow
oL : R x T'R? — T*R? : (t,u) — Shu, (2.18a)
with
cosht 0 sinh? 0
: 0 cosht 0 sinht
Sn = sinh¢ 0 coshr O ’ (2.18b)
0 sinh? 0 cosh?

of the Hamiltonian vector field Xy (for q < pmax) commutes with the flow (p’j1 of Xy,
thatis ¢, @} = @}, 0@}, . This follows from the matrix commutation relation S}, Sy, =
SuS,- The flow (2.18) preserves the values m and i of momentum J; and energy H.

2.3.2 Integrable fibration

The integrable map
EM = (J1,H) : T'R*> = R*:u=(q,p)” — (Ji(u),H(u)) = (m,h) (2.19)

given by the pair of Hamiltonian functions (J;,H) in involution is called the energy-
momentum map’; it is also known as generalized momentum map because J is a
momentum of an S! action, while H is not. Points (q,p) at which the Jacobian
d(J1,H)/9d(q,p) has rank smaller than the maximal value 2 and the corresponding val-
ues (m, h) are, respectively, critical points and critical values of EM .

The map EM defines fibration of T*R? whose fibres Ay = EM 71(m,h) are
combined constant (m, h)-level sets of (Ji,H). The base of this fibration is a closed
half-plane (see fig. 1)

R={(m,h),h > hmin(m)} C R? (2.20a)
which is a closure of the set of regular ZM values

R={(m,h),h > hmin(m)}\ {(0,0)}. (2.20b)

"Contrary to what the sequence in the name “energy-momentum” may imply, the historical convention
[21] is to use momentum m and energy & as the first (horizontal axis) and second (vertical axis) coordinate
in R2. So the values of EM are denoted (m, /), respectively.
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Figure 1: Image of the energy-momentum map EM (2.19) of the system with Hamil-
tonian (2.1) and Ryax = 1/4. Shaded area represents the set (2.20b) of regular EM
values, solid lower boundary represents relative equilibria, the opaque circle marks the
isolated critical value (0,0).

Critical fibres correspond to £M values in dR and contain at least one critical point.
Below, we characterize critical and regular values (m, k) and corresponding fibres.

Lemma 2.7 (fibres of EM). All fibres A(npy of (2.19) are connected. Without cut-

off q < Pmax, all regular fibres are diffeomorphic to a cylinder R x S'. Critical fibres
include a continuous one-parameter family of relative equilibria Ay, p, . (m)) and the
exceptional fibre A ). The former are smooth circles S!. The fibre A0,0) is a union
of two right half-cones joint at their singular points which represent the unstable equi-
librium 0 € T*R2. This fibre can be viewed as a cylinder pinched at one point. At
all points of Ay p.. (m))> the vector fields X, and Xp are collinear and the rank of
d(J1,H)/d(q,p) is 1. This rank equals 2 on A ) \ 0 and drops to 0 at the equilibrium
0. The cutoff q < pmax compactifies all fibres.

The above statements can be proven using explicit proper immersions
emb, : Agp ) — Ri,{ withv=g¢q,p

of Ay, ) in the space R3 with coordinates® (x,y,K) or (px, py,K) where |K| < Kiax (m, h),
which we call g and p embeddings respectively, see fig. 2, top. For example, substitut-
ing T = h+Rin (2.11) we obtain the g-embedding

emby Agu sy = { (6,3, K), 4K> + (m* + 1) = (& +y* +h)*}.

The g-embedding is singular (and cannot be used) for m = 0 and /& > 0; the p-embedding
is singular for m = 0 and simin < h < 0. For m = h =0, each embedding represents A g )
as a right cone.

In the special case of Kmax (m,h) = 0, the fibre becomes a smooth circle S!, which
is a relative equilibrium. From (2.16) we can see that this fibre exists for all m when &
equals

hin (m) = mz/(4Rmax) —Rmax = % (mzp,;azx - prznax) . 2.21)
We can also see from (2.16) that in general the energy equals Kéax /Rmax + Pmin, 1.€., 1S
superior to Ay;y. ]

Away from {m = 0}, the images of A, ;) under the two embeddings are diffeomor-
phic and can be used to define two different trivializations of the fibre as illustrated in

8In polar coordinates, one may attempt replacing K by Pp- Then no embedding will be useful for m = 0.



g-embedding p-embedding

Figure 2: Representation of the trajectory of the system with Hamiltonian H in (2.1)
(gray bold curve) on a regular fibre A, ) (with m = 0.4 and h = 0.1) using the g-
embedding (left) and the p-embedding (right). Bold solid directed curves represent
orbits of the flow of the Hamiltonian vector fields Xy, X;,, and X, launched at the
same point on A, ;) and propagated forward in time for one period t(m, h) of the first
return. Dashed lines on the two-dimensional charts in the lower row connect (glue)
identical points. Rotation angle 6(m,h) corresponds to the displacement along the
orbit of Xy, i.e., along the S! orbit of the SO(2) group action (2.2).

fig. 2, bottom row. The angle coordinates of these ¢ and p trivializations are the polar
angle @, and its dual angle

¢p :=tan"" (py/py), (2.22)

in the p-plane, respectively. For any given m # 0, the correspondence between the

trivializations follows from
qAp m
t — = — = — = — 2.23
an((pp (pq) qp 2K ZK, ( a)

and therefore

T 12K
—Q;==—t — 2.23b
=@y =5—tan ' (223b)
So in particular, at the moment of the impact this gives
2K
Qp+o=@,+in with o=tan ' = (2.24)

m

as will be also read directly off fig. 4(a) later.
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Remark 2.8. Notice that when Ryax > |h+im| = | f|, the angle o has values in a small
interval that shrinks to /2 as Rpax — 0. This means that sufficiently far from 0, the
motion becomes essentially one-dimensional: the particle moves almost along radial
lines with |pp| > |ps|.

2.4 Relation to the A singularity

Consider the bijective linear map
1
P TR = C: (x,, pe py) > (u,w) = Wt pyiy—py) (2.25)

of the phase space T*R? ~ R* to the complex plane C> with coordinates (1, w). From
(2.1) and (2.10a) we can see that under (2.25)

H+iJ; = u* +w? =: F(u,w), (2.26)

and we obtain the following diagram

R4 (C2
(J1,H) F
v
R2 C (2.27)

where the values f of the complex-valued function F in (2.26) are related to the values
(m7h) of (Jl 7H) byg

y:R?— C: (m,h) — h+im=f. (2.28)
This shows that the (m,h)-level set A, ;) C T*R? of the energy-momentum map EM
in (2.19) is diffeomorphic to the f-level set Ay C C? of F in (2.26).

Observe also that under (2.25) the standard symplectic structure on T*R? induces
on C? a Poisson structure

{u,w} = {a,w} ={w,w} ={a,u} =0, {u,w}=-i. (2.29)
Furthermore, using (2.29) we obtain
{H,F}={J1,F}=0. (2.30)

This makes dynamics of the real system (with ||q|| < pmax) and that of the complex
system with Hamiltonian F equivalent.

The origin 0 € C is an isolated critical value of F. The corresponding fibre Ag =
{u=0}nN{w =0} is known as the A; singularity, and is the most basic type in the
classification [12, 10, 9, 8]. Under the map (2.25) this fibre is, necessarily, diffeomor-
phic to the union Aq ) of two half-cones described in the previous section. The typical
representation of the regular f-level sets of (2.26) uses the Riemann surface Sy of

u—w=/f—u? (2.31)

° The standard orientation of C implied by this map differs from that we have in R? due to our specific
choice of axes, see sec. 2.3 and footnote 7.
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Figure 3: (a) Schematic representation of the Riemann surface Sy of (2.31) for Re f < 0
and Im f = 0; the two planes interleave along the bold gray line that connects the branch
points at £f 1/2 indicated by opaque circles. (b) The same surface defined as regular
fibre Ay of (2.26) immersed in R3 with coordinates (x, py,k). (c) Orientation of the
surface in (b).

which is constructed of two copies of C! with coordinate u glued together at two branch
points u = £+/f and interleaved along the “cut” connecting the branch points. Thus,
when f € R, i.e., for # < 0 and m = 0, the branch points are (x,p,) = (i\/m,O)
and the cut can be made along the interval {|x| < \/|f], py = 0}.

Hand-sketched illustrations (see for example the Introduction in [9, 10] and [12])
usually represent the two C! as two R? planes embedded in R?, see fig. 3(a). It can be
seen that any path 7y; that encircles the cut remains on the same plane, while any path v,
that crosses the cut, passes from one plane to another. Below we construct an explicit
embedding

embu:Aff—>(C,,><Rk:R3 «

XDy,

of A in R? with coordinates (x, py,k). Similarly to emb, (A p)) With v = g, p, the
function K (2.10b) with value k € [—Kpax, Kmax| defines a Morse height function'? for
the image emb, (Ay) of such an embedding. The difference being that on emb, (A, 5)),
this function is trivial, i.e., all constant k-sections of embv(A(m.h)) have the same topol-
ogy, while on emb, (Ay) it is not: the k = 0 section is critical.

The embedding of Ay in IR can be obtained directly by solving (2.10a) and (2.10b)
for (y, px) and replacing them in (2.1). We proceed in a slightly different way. Notice
that the value k of the SO(2) invariant K is conserved along the S! trajectories of ¢y, in
(2.17) and therefore such trajectories define constant k-sections of either A, ;) or Ay.

In particular, constant k-sections ¥ = A, ) N{K(q,p) =k} C T*R? can be defined as
Y1:S' SR - u(r) (2.32a)

with 7 € [0,27) and
u(r) = (A_cost, A_sint, Ay cos(r+a'), Aysin(r+ oc'))T (2.32b)

where |k| < Kpnax(m, h) in (2.16), the amplitudes are

1/2
As = (,/|f2+4k2ih> >0, (2.32¢)

10Notice from (2.16) that Kmayx & Rmax When Riax > |f]- This means that K in (2.10b) induces a suitable
height function.
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and the angle o = ¢, — @, € [0,2m) in (2.23b) is such that
cos(o/) =2k/A; and sin(o/)=m/A . (2.32d)

Notice that the phase shift o’ is unambiguous for all (m, h, k) except m = k = 0. In the
latter case, one of Ay vanishes and we can set o = 0. Projecting (2.32) on the (x,y) or
(Px, py) planes gives circular constant k-sections of the embeddings of A, described
in sec. 2.3.2 and illustrated in fig. 2, top. Projecting (2.32) on the (x, py) plane gives
constant k-sections of u-embedded Ay in R3. We analyze the latter representation in
more detail.

As shown in fig. 3(b) and (c), the two-dimensional surface emb, (As) C R3 obtained
by using (2.32) to embed Ay with f # 0 in R3 with coordinates (x, Py, k) is a cylinder
over S' whose one S! section is collapsed into a closed interval Ay at k = 0. The
surface emb, (A¢) is smooth everywhere except at the end-points of A9 and has a self-
intersection (i.e., normal crossing) along the interior of Ag. We may call it a squished
cylinder. For f =0, Ay contracts to a point and emb, (Ag) becomes a pinched cylinder.
Comparing to fig. 3(a), we can see that A is the interleave segment of the Riemann
surface Sy and that the end points of Ay are the branch points of that surface. It can
also be seen that without the two branch points, the abstract Riemann surface Sy and its
concrete realization emb, (Ay) are diffeomorphic, and we can use the shorter notation
S for both objects.

A path 7, on Sy that starts with k£ < 0 and ends with k > 0 crosses necessarily Ag.
When the crossing occurs at one of the branch points, the continuation is unambiguous;
at all other points of Ag, the path y, continues smoothly. Sy is orientable. Indeed, its
k> 0 and k < 0 halves of emb,(Ay) are easily orientable cylinders. To relate their
orientations, notice that the basis of a tangent 2-plane at a point of the k < 0 part can
be translated continuously (and even smoothly) along y, to the k > 0 part, see fig. 3(c).
It follows that the two halves of emb,(A) have opposite orientation in R3. To reflect
this, we may call Sy a squished cylinder with a twist.

2.5 Hard wall reflection and gluing common level sets of H and J;
into tori

We continue the analysis of the dynamics in T*R? under Hamiltonian (2.1) by spec-
ifying what happens when a trajectory reaches the wall at p = ppax and reflects as
illustrated in fig. 4(a). At this point, coordinates q = (x,y) with ||q|| = pPmax and (of
course) angular momentum J; = py remain unchanged, while the radial component p,
of conjugate momentum p changes sign, pp — —pp. From fig. 4(a) we can see that
after reflection, the polar angle (2.5) remains unchanged, while its dual (2.22) jumps
by the angle 20, where o= tan"!(pp/ps) € (0,7) is the angle between vector p and
the tangent line to the boundary at the point of reflection . The reflection rule for the
Cartesian components (py, py) of p is a rotation'!

(a,p) — (4',p) = (¢,5**p), (2.33a)

with § in (2.2). Substituting into ¢’ Ap’ = m, we obtain (2.24) with Kiax = Kmax (m, h)
given in (2.16). We can now derive the reflection rules for invariants (2.8), (2.9), and
(2.10)

(T,X,Y,J1,K)— (T,X,Y,J1,—K), whenR = Ryx. (2.33b)

! Alternatively, reflection at a point q of the wall can be viewed as composition 7 o G4 where the axis of
Gq is given by vector q.
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(b)

O uy

Figure 4: (a) Reflection rule for the Cartesian components of momentum p = (py, py)
and p’ = (pl, p;) before and after the impact respectively. (b) Possible immersion in
R? of a regular torus A, of the integrable fibration defined by (2.19) (dark) and
its smooth analog (gray); the upper and lower circular edges (bold) are glued by the
reflection rule (2.33a), cf. fig. 2, top.

The most important consequence of reflections (2.33) is that regular fibers in lemma 2.7
now become topological tori. This can also be seen after lifting the (m, h)-level sets of
the reduced system back to T*R?, see sec. 2.7. Specifically, we have

Lemma 2.9 (Reconstruction). Due to reflections (2.33), each regular (m,h)-level set
Ay of the energy-momentum mapping (2.19) is topologically a 2-torus. The critical
set N(o,0) is a singly pinched torus.

2.6 Motion in the full phase space T*RR?

Solving the linear canonical equations of motion for the Hamiltonian H in (2.1)

u=(q,p) = (p,q), (2.34)

gives the flow (2.18) for ||q|| < Pmax. i-€., between reflections. We construct the general
solution of (2.34).

2.6.1 Pericentre

As the particle moves up and down the potential (2.1b), the variable X > 0 changes in
the interval [Xpin, Xmax| reaching its maximum Xpax in (2.16) at the wall. The point of
the trajectory where X attains its minimum Xpi, > 0 is called pericentre [31]. From

(2.9) we see that at this point, both ||q|| and ||p|| are at their respective minima gpin =
Pmin = 0 and ppi, > O satisfying

|m‘ = @min Pmin  and 2k = prznin - q?nim (2.35a)

which solve as

Pmin(m,h) = /|f|—h and  puin(m,h) = /| f]+h. (2.35b)
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Figure 5: The q-projection of trajectories (bold lines) of the system with Hamiltonian
(2.1) and pmax = V2. (a) A reference orbit (2.36) with m > 0, its pericentre (empty
circle), and corresponding rotation angle 0 (shaded segment at the origin). (b) A trajec-
tory with m = 0.1 and h = —0.1, starting at the wall just below x = —ppmax, y = 0. The
shaded segment at the origin indicates the total swept polar angle modulo 27. Axes x
and y are scaled in units of Pryax.

We see that for all m # 0, pmin > 0 and the particle never reaches the origin—the fact
well appreciated by those working in polar coordinates; see sec. 2.7.5. We also see
from (2.11) that Xpni, > O is attained when K = q-p =0, i.e., either when q and p are

orthogonal, or when at least one of them is zero. It follows from (2.10b) that the former
case corresponds to the turning point pp = 0 of the radial motion.

2.6.2 Reference orbit, period of first return, and rotation angle

The particular trajectory reaching its pericentre with q = (xp,0)” and p = (0, py)” at
time t = O will be called reference orbit [31]. The quantities xo and pq satisfy

xopo=m and pd—x§=2h, (2.35¢)

so that |xo| = Pmin(m, /) and |po| = pmin(m, k). These equations are solved straightfor-
wardly as

po=+/2|f|cosJarg(f) and xo=/2|f]sinlarg(f), (2.35d)

which are continuous two-valued functions of f in (2.28). It follows from (2.18) that
u(r) = Syug(m,h), with wg(m,h) = (xo(m,h),0,0, po(m,h))" (2.36)

defines the reference orbit.

Reference orbit (2.36) drawn in fig. 5(a) and fig. 2 for a particular value (m,h)
illustrates two important characteristics of the flow @y on regular fibers A, 5, namely
the period of first return t(m,h) and the rotation angle ©(m,h). A general geometric
definition of 6 and T can be given as follows. Consider a point u’ on A,y and let
Y1 > u’ be a periodic orbit of @, in (2.17),

11 :00,21) = R 11— (p’,lu’ = S} up.

A trajectory y: (¢,u’) — @, u’ returns (for the first time) to y; at point u” = (p;,(m’mu’ +

0(m,h)

u’ after time t(m,h). On the other hand v > u” = ¢; "', i.e., the flow ¢, reaches
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u” in time 8(m,h). Because @;, and ¢y commute, this definition of 6 and T does not
depend on the point u’. So for each regular fiber A(m,p)» the quantity 0(m, h) gives the
“twist” of the flow @y with respect to @y, .

For all orbits y; with R # 0, i.e., as long as ||q|| = const # 0, and in particular for
the orbit that goes along the wall with R = Ry, the polar angle ¢ in (2.5) can serve
as a natural coordinate along y; because {0,J;} = 1. So it can be seen that T is the
time that takes the reference orbit (2.36) starting at the wall to come back, i.e., the time
between two bounces, while 6 is the polar angle swept in the q-plane during this time.
It can also be seen that T is the period of the radial motion. Explicit expressions for
T(m,h) and O(m,h) are obtained in sec. 2.7.7.

2.6.3 General solution

The general solution to the equations of motion under Hamiltonian (2.1)
u(r) = S50 83 ug(m, h), 2.37)

where S}, and S?l are defined in (2.18) and (2.17), respectively, is parameterized conve-
niently by using the above particular solution (2.36) with ug(m, k) and two additional
phases defining the shift 7y along the reference orbit and the rotation of the orbit as a
whole by angle ¢ about the origin. Notice that matrices S}, and S?l commute and their
sequence in (2.37) is unimportant. Notice also that the two parameters (m,h) appear
only in ug.

An example of the trajectory (2.37) with #p = T/2 and ¢ ~ 7 is provided in fig. 5(b).
For all gmin < Pmax, the motion is described by (2.37) as long as ||q|| < pmax- When the
particle arrives at the wall and ||q|| = pmax, the reflection (sec. 2.5) makes the phases
to and ¢p jump discontinuously by fixed quantities T(m,h) and 0(m,h), respectively
(sec. 2.7.7). The special case of gmin = Pmax 1S described in the next section.

2.6.4 Relative equilibria

There is a special class of trajectories of the system with Hamiltonian (2.1) that we have
already described in sec. 2.3.1 as motions with constant K = 0. In this case, |gmin| =
Pmax- SO, obviously, the particle remains at the wall with ||q|| = pmax and p tangent to
the wall. Consequently, ||p|| = pmin = |m|. Corresponding energy (2.15) follows from
(2.35a). Furthermore, since in all other cases, we have either 0 < gmin < Pmax and

h= (1 Gy — Gin) /2 > hiin (),

Of gmin = m = 0 and again & > 0 > hpyi, = —%pﬁlax, the energy Amin(m) is the minimal
energy that can be attained by the particle with angular momentum m. The particle
with energy A, (m) moves along the circular hard wall if m # 0 or is at rest at some
point at the wall if m = 0. Either the circular orbit that the particle follows or the set
of all possible rest points constitute an S! orbit of the SO(2) action (2.2). which is the
relative equilibrium of the system. Since for sufficiently small & > 0, the trajectory with
energy /iyin (1) +8 and momentum m remains near the relative equilibrium A, 5 - (m)).
the latter is stable. In a smooth analog system, it corresponds to an elliptic relative
equilibrium.
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2.7 Reduction of the axial SO(2) symmetry

In the previous sections, we studied the integrable fibration of the full phase space
T*R?, and, in principle, we can continue—as Nekhoroshev would have done, analyzing
monodromy at this level, cf. sec. 3. In this section, we reduce the S! action (2.2) and so
reduce the number of degrees of freedom to one. In more complex systems, such reduc-
tion of Lie symmetries (and of respective degrees of freedom) turns from convenience
into necessity. Reduction of the non-free SO(2) action (2.2) (cf. remark 2.1) requires
the technique of singular reduction [2-5, 58] which preserves the correct geometry of
the system and is only slightly more involved technically than polar coordinates.

2.7.1 Momentum map
The momentum J; (2.10a) of the SO(2) action (2.2) defines the proper map
Ji:T'R* = R:{(q,p),/1(q,p) = m} — m.

The inverse image of J fl (m), or the m-level set of Jj, is the set of all orbits of (2.2)
along which the value of J; equals m. It is a non-compact 3-dimensional subspace
of T*R?. Note that J; ' (m) for m # 0 are smooth, while J;'(0) has a singularity at
0 € T*R? which is the critical orbit.

2.7.2 Explicit construction of orbit spaces using invariants

Orbit space of the SO(2) action Geometrically, reduction means descending from
the total space T*R? to the orbit space O, or the orbifold (in the sense of [46]) of the
S! action (2.2) of dimension

dim O = dimT*R? — dimS' = 3.

The reduction map T1, which sends orbits S'  T*R? defined by (2.2) to points of O,
is a bijection. The space O is non-compact and has a singular point representing the
isolated critical orbit of the non-free action (2.2).

By the theorem of Chevalley [19], the orbits of a group action can be character-
ized fully by the values of invariants. Specifically [72, 46], all orbits can be labeled
by the values of principal invariants and distinguished additionally using auxiliary in-
variants, if necessary. The invariant theory gives an explicit construction of O and P,
as semi-algebraic varieties, i.e., sets defined in terms of invariants through polynomial
equalities and inequalities. We can label the orbits of the SO(2) action using allowed
values of principal invariants X, Y, and K in (2.9) and (2.10). According to (2.11) with
J1 =m € R, the set O of all allowed values of these invariants is a union

0= OpcoUPyU Op0 = OneoU Ops0 = OmeoU Onzo (2.382)
of three sets of points (X > 0,Y,K), such that
Py =900 = 0,20 = {(X,Y,K), X = (v2 +K2)1/2} (2.38b)
is a straight cone and each of the sets O,,>0 and Oy,<p is a solid cone
Omeo = Opzo = {(X,Y,K), X > (r? +K2)1/2}. (2.38¢)

The whole orbit space O is obtained by gluing the two solid cones on their common
boundary Py. This gives a space R with singularity at the origin.
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Figure 6: Embedding of regular reduced phase spaces P, (2.39) and P}, (2.39%) with
m # 0 in the ambient space R? with coordinates (X,Y,K) (a) and its projection on the
{K = 0} plane (b) with coordinate axes (Y,X) and rotated axes (R,T). Dashed line
marks the ‘wall’ R = Ry« and shaded area indicates the part of the space allowed by
R < Rmax, red lines represent constant level sets of reduced Hamiltonian (2.14).

Orbit space of the O(2) action Momentum J; is a covariant of the O(2) action
whose orbits can be labeled by m? or |m|. For m # 0, each such orbit is a disjoint
union of two S! orbits of (2.2a) with opposite signs of J;. It follows that the orbit space
of the O(2) action is a solid cone (2.38c).

2.7.3 Geometry of the reduced phase space P,

Under the reduction map IT, orbits of the SO(2) action (2.2) with given value m of first
integral J; map bijectively to points of the reduced phase space P,, C O of dimension
2. So, on the one hand, P, is an image of Jfl (m) under I, and on the other, it is a
constant-m section of O. In fact J; defines a Morse height function on O with critical
section Py. The latter has one singular point representing the isolated critical orbit; all
other spaces P,, with m # 0 are smooth. This is an illustration of the general distinctive
feature of singular reduction: depending on m, the reduced phase spaces may have
different geometries, and some of them are singular.

Quadratic form ®(X,Y,K) in (2.11) is, to a factor, an expression of the square of the
auxiliary invariant J? in terms of (X,Y,K). So slicing the orbit space O of the SO(2)
action by the a constant level set of ®(X,Y,K) selects all SO(2) orbits with given m
and gives P,,. Specifically,

Ou>0, form>0,

P, ={®(X,Y,K)=1im*}n
m = {2 ) Sm} Om<o, form <0,
and we obtain

Py:={(X >0,Y,K), 20(X,Y,K) =X*—Y? - K* = Im*}. (2.39)

Using this definition, P,, can be immersed properly in R? with coordinates (X,Y,K).
For m # 0, this gives an upper sheet of a circular two-sheet hyperboloid shown in
fig. 6(a), which for m = 0, degenerates into a straight half-cone.

We can now detail the restrictions on the invariants in (2.8) and (2.9) by noticing
that the surface (2.39) has a global minimum at

(X,Y,K) = (3|m|,0,0) (2.40)
at which T = R = X, and therefore
X>1lml and R>%iml|. (2.41)
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Remark 2.10. Going back to sec. 2.6, one may notice that the SO(2) orbit represented
by (2.40) is the set of all pericentres for a particular value of energy 4 = 0. Restriction
(2.41) is, however, of a general nature, a consequence of the SO(2) symmetry not
related to the particular Hamiltonian.

Fully reduced space We do not reduce reversal symmetry 7 because it is not sym-
plectic; the reduced system inherits it. However, the space of orbits of O(2) x T with
given fixed value m of angular momentum Ji, or the fully reduced space, can be useful.
This space may be denoted P,,/Z,, a factor by the order-2 group Z, = {1,7}. From
(2.13), we can see that the action of 7 on P, has two-point generic orbits with K # 0,
which map to one point in P, /Z,. So the latter can be constructed by projecting P,, on
the plane (X,Y), see fig. 6(b).

2.74 Consequences of hard wall reflections

When reducing the compactified motions which include reflections at the wall ||q|| =
Pmax, We have to further account for (2.12) by removing the large-R parts of O and P,,.
We obtain

0 { X,Y,K), 0< (V2 +K)'2X < Ry +7 (2.38¢%)
={(X,Y,K), 2®(X,Y,K) = Im*, 0 <X < Rnax +7 }. (2.39%)

So, in particular, the reduced phase space P,, has a slanted cut illustrated in fig. 6,
where |K| attains its maximum Kmax in (2.16b). Furthermore, according to the rule
(2.33b), the space P;, is glued along the cut {X —Y = Rpx} by identifying points
(X,Y,K)=(R mdx—i—Y Y, +Kmax)-

2.7.5 Description in polar coordinates

The apparent simplicity of polar canonical coordinates (see sec. 2.2.1) is that in these
coordinates, the Hamiltonian (2.1)

1 a
H(p.0.pp:p0) =H(p.pp-po) = 5. (P +23/07) =5V(0), 920, 242)

does not depend on the polar angle ¢ in (2.5). So, ¢ is an ignorable variable and we
can immediately reduce the system with Hamiltonian (2.42) by treating the conserved
momentum py = J; = m as a parameter. The resulting reduced radial Hamiltonian

1
Ha(porp) = 5 (Po+m2/07) =5 V) =4 (P +m/p?) = 3V(0). 243

is studied commonly in standard textbooks on mechanics. What is much less acknowl-
edged, is the complication in the case m = 0, where polar coordinates do not represent
adequately the orbits of the SO(2) action (2.2). We explain this in more detail.

We saw in sec. 2.7.3 that (without restriction ||q|| < pmax) the reduced phase space
P, or the space of orbits of the SO(2) action with a given value m of momentum
J1 = py, has the topology of R?. Furthermore, for all m this space can be mapped
bijectively to the plane R? with coordinates (Y,K). As illustrated in fig. 6(a), the map
is a simple projection; it is a diffeomorphism for all m # 0 and for all (¥,K) # 0 in the
case of m = 0.
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On the other hand, describing the same space using polar coordinates (p,pp) is
similar to using invariants (R, K) instead of (¥, K); cf. egs. (2.8a) and (2.10b). We can
clearly see from fig. 6(b) that for m # 0, this representation results necessarily in a
considerable distortion of the region of P,, with small R and K, and for m = 0, it blows
up on the line {R =K =0,T > 0} C Py, i.e., the positive semiaxis 7. The image of the
latter in the (p, pp) space is axis p, without the origin {(p, pp),p =0, pp # 0}.

The obvious advantage of (p, pp) is that these are globally symplectic coordinates
on R? equipped with a standard symplectic 2-form dp A dpp and that the radial Hamil-
tonian (2.43) can be defined formally on the same phase space regardless of m. So we
can study the radial motion using “standard” Hamiltonian equations of motion for a
system with one degree of freedom. However, as the above comparison with P,, shows,
this R? should be “folded” in a special way in order to reproduce correctly the set of
all SO(2) orbits and the resulting radial phase space is singular. Physicists accomplish
this by exploiting the dynamics of the system.

For m # 0, the singularity at p = 0 may be regarded as “not important” because
the special additional term (m/p)* in Hy(p,pp) prevents trajectories from reaching
the origin. Specifically, the motion takes place between the inner turning point at p =
Pmin = P— (m, h) and the wall at pp,x, Where

h h)2 2
2 () = TEOEN WS apm® R s 0
au

P (m

is strictly positive for m # 0. The particle approaches the origin q = 0 with p, < 0 and
goes away from q = 0 with p, > 0. The absolute value of p, is given by

2 2 2 2 2
2 a, m\_ (pT—pI)(P°+pL)
pp_2”<h+2p 2#92)_a p?

So it follows that the radial phase space for any m # O can be taken as an open half-
plane {pp,p > 0} and is diffeomorphic to R?.

For m = 0, the particle moves along straight radial lines in the g-space. With regard
to h, there are two qualitatively different structurally stable trajectories with 2 < 0 and
h > 0. The former have again a turning point at p_ > 0, and are similar to the case
m # 0 above, albeit ¢ remains constant. The latter have p_(0,4) = 0, p(0,h) = 2h,
and there is no turning point. So, as it goes through the origin the radial momentum
Dp jumps from pp = +p, to pp = —p (and ¢ also jumps by 7). This means that the
R? phase phase space of (2.43) becomes a half plane { Pp,P > 0} whose positive and
negative semiaxes pj are identified yielding a cone. If the local symplectic structure is
deformed correctly, the seam on the cone should disappear and we should obtain Py.

2.7.6 Dynamics of the reduced system

After reduction of the SO(2) action, we obtain a Hamiltonian dynamical system with
one degree of freedom on the two-dimensional reduced phase space P,,. The reduced
dynamics is described using the Poisson algebra generated by the SO(2) invariants.
This is known as Euler-Poisson reduction. Expressing the original Hamiltonian H(q, p)
in (2.1) as function of invariants and replacing J; by its value m, which now becomes
a parameter, gives the reduced Hamiltonian H,,(X,Y,K) that in our simple case (2.14)
does not even depend on m and will be denoted ..
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Reduced trajectories Trajectories of the motion under # on the two-dimensional
space P, (the space P, which is cut off to R < Rpax due to the wall reflection) are
given by the h-level sets of # on PZ. In the ambient space R? they are obtained as

Mgy = {(X,Y,K), H = hy Py =1{Y = 1n}npy, (2.442)

where we used H = H in (2.14). From (2.39%) and (2.16b) we obtain

Moy = {(X,Y,K), K| < Kinax(h), ¥ = 1h, X = /1| £]? +K2} . (2.44b)

To finalize the construction, recall from sec. 2.7.4 that the points of P, on the R = Rmax
hard wall cutoff are identified. So we identify the two endpoints

(X,Y,K) = (Xmax> 31, £Kmax) (2.45)

of the closed interval (2.44b). It follows that the level set k(m}z) of the reduced Hamil-
tonian # is topologically a circle S!. This level set is smooth everywhere except for
the point represented by the endpoints (2.45).
Trajectories (2.44b) are shown in fig. 6(b) projected on the (X,Y) plane. It can be
seen that
Xinin = %|f|a Rmin = %(Xmin - h)7 Tinin = %(Xmin +h);

while at the same time
Rmax = 3Phax:  Timax = Rmax 7, Xmax = Rmax + 3
max — zpma)U max — max bl max — max DA

Reduced equations of motion Dynamics on P, is described using the Poisson alge-
bra generated by principal invariants (X,Y, K). This algebra can be computed using the
original symplectic coordinates (q, p) and definitions (2.9) and (2.10). We obtain

{X,Y} =K, {YV,K}=-X, {K,X}=Y, (2.46a)
which has the structure of so(2, 1) and is reproduced compactly by the Dirac’s formula
{a,b} = —€upe 9D(X, Y, K) JOc. (2.46b)

Here @ defines the relation (2.11) between (X,Y,K) and €, is the sign of permutation
(abc) of (X,Y,K). Momentum J; (and, naturally, ®) is the Casimir. We can now write
down the equations of motion for H = H in (2.14)

(X,Y,K)={(X,K,Y),H} =2(K,0,X). (2.47)

Remark 2.11. Because the SO(2) group action (2.2) commutes with derivation, the
Poisson bracket of two smooth invariant functions /] and F is itself a smooth invariant
function. So if F; and F, Poisson commute with the infinitesimal generator J; of (2.2),
then {F},F>} also commutes with J;. This also follows from (2.46b) or the Jacobi
identity for {{Fi,F>},J1}. If Fi and F> belong to the polynomial ring generated by
(X,Y,K), their bracket is also a polynomial in (X,Y,K).

Remark 2.12. Because P defines the reduced phase space P, in (2.39) and is a Casimir
of (2.46), the vector field (2.47) is tangent to P,, and the Euler-Poisson equations leave
P,, invariant. This holds for any Hamiltonian # (X,Y,K) since {®,# } = 0.
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Solving (2.47) we obtain the reduced linear flow
¢ RxRP =R (1, (X,Y,K)T) — 8, (X.Y,K)" (2.48)

of H with
cosh2t 0 sinh2¢

Stj{ = 0 1 0
sinh2t 0 cosh2¢

By remark 2.12, this flow preserves P, and can therefore be naturally restricted on
it. Of course, (2.48) applies only while R(t) = X(¢) + /2 < Rmax. To describe the
reduced dynamics completely we must also account for the reflections at R = Ry« and
K = £Knax. With these reflections, the motion on P, becomes periodic with period
t(m,h). So we can parameterize the reduced orbit (2.44b) of (2.48) by

t=1(m,h)§ with§ e [-3,3],

such that for r = & = 0, we begin with X (0) = X, and K(0) = 0 and from (2.48) we
have

X(t) = Xmincosh2t, K(t) = Xpipsinh2¢, Y = %h, and J; =m.

Notice'? that in the full space R*, this corresponds to starting the trajectory in (2.36)
and (2.37) at its pericentre (sec. 2.6.1).

2.7.7 First return time T and rotation angle 6

The period of first return T(m, k) and the rotation angle T(m, k) introduced in sec. 2.6.2
are central to the construction of the second action variable J,, the second basis cycle
[v2] of Hi(A(y,z)) in sec. 3.1 and to the analysis of monodromy in sec. 3.3. There are
various ways to compute these quantities easily from the explicit general solution for
our system (2.37). All methods, however, lead necessarily to SO(2)-invariant integrals,
and so can be best understood in terms of reduced dynamics.

On the reduced phase space P, the reduced orbits (2.44b) given by the reduced
flow (2.48) are closed, i.e., the reduced motion begins at and returns back to a point on
P,, which lifts to an S! orbit of the SO(2) action (2.2) and (2.17). So it follows directly
from its definition in sec. 2.6.2 that t(m, &) is the period of the reduced motion. Using
(2.47) and the fact that reduced trajectories on P, go from X = Xpyax (and K = —Kpax)
to X = Xpmin (and K = 0) and then back to X = Xpax (and K = Kpax), We compute

T X (1) Xmax Xmax
t(m,h) = / dr = / @ @ o (2.49)
0 X(O) 2K Ximin K Xmin XZ — X2<
min

where we integrate dX only for the K > 0 half of the orbit.

Remark 2.13. In polar coordinates, the same calculation begins with integrating df = dp/p over
the period of the radial motion. Rewriting the integrand as dR/R = dX /X we come to (2.49).
This illustrates the general situation of computing T and 6. In more complicated cases, working
directly from within the reduced Euler-Poisson system gives a clearer advantage.

12The S orbit of @y, labeled by (J1,X,Y,K) = (m, Xmin, 3h,0) with (m,h) & {m = 0,1 > 0} goes through
all possible pericentres and bounds the inaccessible domain in the q-space.
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The polar angle ¢, = ¢ or the dual angle @, are not in the reduced system. However,
their evolution is driven by the reduced dynamics and the time derivatives ¢, and @,
are functions on P, that are well defined when the corresponding ¢ and p-embeddings
are regular, i.e., away from {m =0,k > 0} and {m = 0,h < 0}, respectively (sec. 2.3.2).
A direct calculation with Hamiltonian (2.14) gives

. 1Y }_Jl _h  m
e Ygl_ L _ —
Pa { aoy 2R 2X—Y) 2X—h

and (the less familiar)

; _1 Dy Ji Ji m
— t i H = - = — = — .
v { e } 2T~ 2(X+Y) 2X+h

Proceeding similarly to the calculation of T (2.49), i.e., integrating between two bounces
of (2.37) and using relation dX = dR = 2K dr, we find that polar angle ¢, € [0,2n)
changes in time T by

Xmax
8(m,h) = / (2.50)
2 2
Xmin (X —h/2)\/X Xmln
Integration of (2.49) and (2.50) gives explicit expressions of T and 6 as smooth real

functions on the set R?\ 0 of regular (m,h) values. The period T is a single-valued
function with logarithmic singularity at (m,h) = 0,

osh™ 1 2Rmax + h 2Kmdx

2X,
t(m,h) = cosh™! 2% —

= inh ™! (2.51a)
|f1 U Vil
t(m,h) ~10g4Rmax —log|f]+... when 0 < |f| < Rmax. (2.51b)
Here various forms in (2.51a) follow from (2.16) and equality sinh (cosh™' x) = v/x2 — 1.
The rotation angle 0 is a multivalued function
h 2Rmax +h —
8(m,h) = 2tan"! +1/1 max + /1~ || , (2.52a)
m 2Rmax +h+ |f]
which has an asymptotic form
0(m,h) ~n—arg(f)+... whenO < |f] < Rmax. (2.52b)

This multivaluedness of 0 can be seen as the origin of monodromy.

Remark 2.14. Asymptotic expressions (2.51b) and (2.52b) are common to focus-focus
(complex unstable or complex hyperbolic) equilibria of integrable Hamiltonian dy-
namical systems with two degrees of freedom [69]. This extends to originally non-
integrable systems normalized and truncated near such equilibria. Universality of such
expressions leads to the statement that all systems with a focus-focus equilibrium have
the same ‘elementary’ monodromy, and, eventually, to the “geometric monodromy the-
orem” of [24]. As we explain in sec. 2.4 and 3, it is the Hamiltonian equivalent of the
Picard-Lefschetz monodromy of the Morse singularity A .
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2.8 Smooth analogs of the hyperbolic circular billiard

Our linear system with trajectories described by elementary functions gives a rare op-
portunity to compute everything explicitly. Furthermore, similarly to the A; singularity,
we can employ the Morse lemma and normal form arguments to make this system a
universal model, an asymptotic approximation to what happens in any particular non-
linear system with a focus—focus equilibrium. In nonlinear systems that we briefly
discuss here, explicit closed form general solutions of equations of motion involve—at
best—parametric families of elliptic functions. Using these solutions in order to com-
pute the period T and the rotation angle 0 as functions of (m, k) (cf. sec. 2.7.7), construct
cycles (cf. sec. 3.1) and local actions (cf. sec. 5) can be much more demanding.

The direct smooth analog of the billiard with Hamiltonian (2.1) is the system where
the infinite wall at ppax in (2.1b) is replaced by a positive-definite axially symmetric
function R(q) = O(p¥) with k > 2, such as the system with the “champagne bottle” or
“Mexican hat” potential

a .
V(g)=—3llal’ +bllal* = 0(p*) witha,b>0,

resulting in smooth compactifaction of fibers as shown in fig. 4(b). The base of the
integrable fibration of this system is equivalent to the one in fig. 1. Its monodromy
was reported early by Bates [15] and was described later in a large class of concrete
physical systems, rotating and bending quasi-linear molecules [73].

A symplectic rotation of T*R? by 7t/4 turns (2.10a) into a 1:— 1 resonant harmonic
oscillator Hamiltonian. After a proper compactification [48], the latter defines an inte-
grable system with a focus-focus equilibrium. The base of the fibration in that system
is same as R in fig. 1. From this we can conclude that the singularities of the two
systems and the fibrations in their neighbourhoods are equivalent.

More generally, it can be shown [69] that the integrable fibration in a (sufficiently
large) regular open neighbourhood of any nondegenerate focus-focus equilibrium is
qualitatively equivalent to the one in sec. 2.3.2. Furthermore, in such neighbourhoods,
one of the actions on regular fibers can be made global and thus turned into a momen-
tum J;. In other words, we can impose an S! symmetry throughout the neighbourhood
[55]. (The argument parallels the description of the Morse singularity A;.) As already
suggested in remark 2.14, asymptotic results are the same for all focus-focus points
and for the singularity in our system.

3 Homology cycle bases on regular fibres.
Hamiltonian and Picard-Lefschetz monodromy

The idea of the analysis in our Hamiltonian setup and in the Picard—Lefschetz theory
is to study the monodromy of the family of regular fibres A. All these fibres have the
same topology, and in particular, their first homology groups H;(A) are isomorphic.
However, they fit together in a nontrivial way. More precisely, the fibre bundle over R
(the set of regular values of M) is nontrivial. To demonstrate that and to characterize
the nontriviality, one studies the monodromy map u from the fundamental group 71 (R)
to the group of orientation preserving automorphisms of Hj(A). In our case with two
degrees of freedom and orientable base R, and with regular fibres A ~ T2, this latter
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group is (isomorphic to) the group'? SL(2,7), and therefore
u:m(R) — SL(2,Z).

This map is defined as follows. In the base R of the bundle, for each homotopy class
[[] of 1 (R), we consider a closed directed loop I' C R representing [I']. For a point
so € I', we consider the fibre Ay, and its homology Hi(As,). Because the bundle is
locally trivial'*, the cycles of H;(As) can be redefined continuously in s when the
latter follows along I'. So for any two sufficiently close points s’ and s” on I' this gives
an explicit isomorphism H (Ay) — Hj(Ag), and as we return to s; = sg we obtain the
automorphism ur, : Hi(As,) — Hi(As, ), which is called monodromy transformation,
and which depends neither on the choice of the particular I" within [I'] nor on the choice
of the particular point s:
Hr] cHi(A) — Hi(A).

This transformation is defined by a matrix M|} € SL(2,Z) whose rows represent the
new basis elements.

In our case, R is an open punctured half-plane, see fig. | and sec. 2.3.2. We define
the nontrivial, i.e., non-contractible, loop

I':[0,60] > RCR2:s— <’Z((Ss)>> - (_(f(‘)‘;gi) with Q =271/60,  (3.1)

which goes around the isolated critical value (0,0), see fig. 7(a), and whose points
are specified in “minutes” 0'...60', see fig. 7(b). This notation originates in [32, 31,
cf. footnote 3]. I' is often called contour or monodromy circuit. By convention [21,
see footnote 7], axes m and & are horizontal and vertical, respectively, and the positive
direction on I" is counterclockwise.

Theorem 3.1 (Monodromy of the fibration defined by H and J;). The monodromy
transformation wry for the homotopy class [I'] € 11 (R) represented by the non-trivial
circuitI'€ Rin (3.1) and fig. 7 defines the monodromy map u for the integrable fibration
in sec. 2.3.2 which is associated with Hamiltonian functions Ji (2.10a) and H (2.1). The
transformation u(r| is given by a matrix in the conjugacy class of

1 0
My = <¢1 1) € SL(2,7), (3.2)

where M and M_ refer to positive and negative directions on [T

Remark 3.2. Matrix (3.2) is often called monodromy matrix. It depends, obviously, on
the choice of the initial cycle basis {[yi],[Y2] }s—o and consequently, it is defined up to
a conjugation in SL(2,7Z).

Proof. The set R of regular values of the energy-momentum map EM defined by H
and J; is not simply connected and is homotopic to a circle S!, see fig. 7(a). So like
that of S!, the fundamental group ; (R) of R is (isomorphic to) (Z,+). It is generated
by the class [I'] of nontrivial loops I that encircle once the isolated critical value (0,0),

13 Matrices M € SL(2,Z) have detM = +1. For more general fibrations, one may have to allow for any
change of cycle directions and use M € GL(K,Z) with detM = +1.

4In the Hamiltonian setup, the Liouville-Arnol’d theorem ensures the existence of local angle-action
variables that define local trivialization.
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(a)

Figure 7: Monodromy circuit or “contour” I" (bold directed circle) around the isolated
critical value (0,0) in the image of the energy-momentum map EM of the system with
Hamiltonian (2.1) and pmax = 3: (a) I as defined in (3.1) lies within the set R of regular
EM values, cf. fig. 1; (b) snapshot points on I' in units of s € [0,60] used in [32].

such as (3.1). Therefore, in order to find the monodromy map g, it is necessary and
sufficient to find the automorphism yr corresponding to this loop.

To find pyr), we compute continuously a basis {[yi],[v2]} in Hi(Ag)n(s)))> for
each (m(0),h(0)) € T as defined by (3.1) and beginning in (m(0),4(0)). To represent
the first cycle [y;], we take the integral curve y; of X;,. The second cycle [y»] has to be
constructed. This is done in two different ways.

In sec. 3.1, we construct > using parts of the integral curves of Xy and X, fol-
lowed to time t(m(s),k(s)) and combined so that the result is a specific closed loop on
A(n(s).n(s))- This relies heavily on the dynamical study in sec. 2.5, 2.6, and 2.7.7. Alter-

natively, following the method of Nekhoroshev in sec. 4, we construct y, directly from
the geometry of the common level sets of H and J; and we exploit the dynamics only to
define the directions of the cycles. For our particular choice of the cycle basis, taking
the positive direction on (3.1) and comparing cycles in s = 0 to their continuation in
s =60, we find M in (3.2), see sec. 3.3.

A different (third) proof can be obtained by exploiting the relation of the fibration
under study to the A; singularity (sec. 2.4) and applying the Picard-Lefschetz theory.
In the A; case, ¥, does not have to be constructed explicitly, and its variation over I"
is obtained geometrically as explained in sec. 3.4. This resembles in many ways the
Nekhoroshev’s approach in sec. 4. In order to demonstrate the complete equivalence
to the Hamiltonian case, we take the Hamiltonian cycles constructed in sec. 3.1 and
transfer them to the complex case using the isomorphism ¥ (2.25). We show how
these cycles can be made suitable for the Picard-Lefschetz theory.'” O

Nontrivial monodromy has important consequences. Because of it, the classical
system with Hamiltonian (2.1) cannot have global action variables {J;,/>} defined
smoothly for all (m, k) € R and the corresponding quantum system does not have global
quantum numbers (sec. 5).

3.1 Basis cycles of H{ (A, )

One of the cycles, which we call [y], can be defined globally on all fibres A(m,n) using
orbits of the SO(2) action (2.2) or, equivalently, the orbits of the flow (2.17). This
natural choice is standard for any system with global momenta and, more generally,

15 All figures in sec. 3.2 and 3.4 that illustrate the Picard-Lefschetz theory are computed using our explicit
Hamiltonian definitions of {[y;],[y2]} in sec. 3.1 and the isomorphism ¥ (2.25).
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Figure 8: Variation of the period of first return T (2.51a), the rotation angle 0 (2.52a),
and the pericentre position given by go and pg in (2.35c) along the monodromy circuit
I'3.1)infig. 7.

in a sufficiently small neighborhood of a focus-focus equilibrium. Orbits of (2.2) are
labeled by the values of SO(2) invariants in sec. 2.2.2. Two principal invariants are
needed. If one of them is the Hamiltonian (2.14) itself, then for fixed (m,h), i.e., on
a given fibre Ay, 1), the value k of K can be used'® as a smooth label of SO(2) orbits
Y1 C A(n,n)- Their homology class is [yi]. Specifically, we can use y; defined in (2.32)
and directed by the flow @, in (2.17).

The second cycle [,] cannot be defined globally but can be constructed on any
particular A, ;) in several different ways. The geometric approach of Nekhoroshev
is detailed in sec. 4. Here we follow the more “traditional” approach [32, 31] which
combines the flows of the Hamiltonian vector fields Xy and X;, to obtain the periodic
flow @y, of the vector field X;, corresponding to the second (local) action J,. This
dynamical construction is a natural continuation of the period lattice method (see sec. 5)
going back to [33] and is also a standard way to define J, in a sufficiently small open
regular neighborhood of A, ).

The closed loops ¥, are constructed from the reference orbits (2.36) of @ which are
closed by combining @y with the commuting flow @y, . The direction on > corresponds
to that of @p. First we note that introducing total accumulated rotation angle

© = 2nfloor(s/60), (3.3a)
where floor : R — Z returns the closest integer floor(g) < g, and defining
F(s)=h(s)+im(s), argf(s)=m—Qs and |f(s)| = const >0, (3.3b)

with Q in (3.1) parameterizes solutions (2.36) [as well as general solutions (2.37)]
continuously for all (m(s),h(s)) on I in (3.1) and for Qs extended beyond [0,27] to
R. The specific relation (3.3b) between f and Qs is due to our nonstandard convention
for the choice of axes m and & and of the origin for s at the negative-h semiaxis. With
these definitions, both xy and pg in (2.35d) are piecewise smooth (see fig. 8(b)) and
positive for s € [0,30], and each time we cross (see fig. 7) the positive-h semiaxis

16Recall that K defines a trivial Morse height function for the R? embeddings of A(m,p)» see sec. 2.3.2 and
fig. 2, top.
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Figure 9: (a) Coordinate space projections of the reference orbits (3.4) of the flow
of Xy at various (m,h) corresponding to the points on the monodromy circuit I, in
fig. 7(b); dashed circle marks the boundary of the inaccessible domain for the initial-
final s = 0/ and 60’. (b) Continuous family of closed loops 7 in (3.5) which represent
the homology class [y,] of the fibres A, ;) and which are obtained by correcting refer-
ence orbits by the flow of X;,. In these plots, Ryax = 1 and axes x and y are scaled in

units of Pmax = V2.

{h>0,m =0} CR, the sign of xy changes as the value of xy passes through 0, while
each time we cross the negative-# semiaxis {h < 0,m = 0} C R, the same happens to
po. Finally, using the expression (2.51a) for the first return period t(m,h), which is
a single-valued smooth function on R and therefore a continuous function on I' C R
(fig. 8(a)), we introduce a dimensionless variable & along the reference orbits so that
(2.36) rewrites as

£ u(E) =SS5 uy, Ee[—1,1] (3.4)

with xg and pg in up = (x9,0,0, po)T defined in (2.35¢) and (3.3), and ¢¢ an additional
phase defining the longitudinal position of the pericentre (for the original reference
orbits it is 0). The continuous set of such orbits with ¢ = 0 and s € [0,60) is shown
fig. 9(a).

It can be seen from fig. 5(a) that during the time 7, i.e., as & goes from —% to %, the
reference orbit advances by angle 8(m, h) along the wall at ||q|| = pmax. So if we want
a closed orbit, we must rotate back by 8(m,h)E. This gives

& u(E) =S gEry, (3.5)

Here the multivalued function 0(m,h) on R is defined continuously on I" C R (cf.
fig. 8(a)) by taking the value of tan~! in (2.52a) continuously in the interval [0,27)
and adding © in (3.3) which equals zero on the original interval [0,60) and steps by
21 every time after we complete a tour on I'. The resulting continuous series of closed
directed loops with ¢g = ® =0 and s € [0,60) is shown fig. 9(b). These loops represent
the continuously chosen cycle [Y2] of Ay(s) a(s))-

3.2 Basis cycles of Hi(Ay)

There have been several attempts to relate Hamiltonian monodromy to the singular-
ity theory, complex geometry, and Picard-Lefschetz monodromy. Two approaches
can be distinguished. The authors of [42, 67] and, more recently, of [64] show that
the integrals defining periods and rotation angles on individual tori are related closely
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to Abelian integrals and standard singularities in [8—10]. In the more ambitious pro-
gramme of [22, 13, 29, 30], monodromy of the fully complexified Hamiltonian system
(with complex-valued time, energy and momentum) is considered, and a relation to the
real system is attempted. However, in this approach, one should make sure that the
path along which complex (m,h) vary is homotopic to the one used in the real system.
Due to the topology of the critical value set of the complexified M -map, this may not
always be the case [22].

We continue the more pragmatic approach'” in sec. 2.4, where relying on an appro-
priately chosen complex structure in T*R?, we defined an explicit isomorphism (2.25)
and identified combined level sets (fibres) A, ;) C R* of real functions (J;,H) on R*
and level sets Ay C C? of complex-valued function F. This isomorphism of level sets
W|A extends naturally to respective homologies H (A ) — Hi(Ay). Furthermore,
by the map (2.28) our monodromy circuit I is transferred in the complex domain C\ 0
of the regular values f of (2.26) and becomes the path taken in the Picard—Lefschetz
theory to describe the monodromy of the Ay s+ bundle near the A; singularity. Then
from the Picard-Lefschetz monodromy transformation of Hi(Ay) we obtain imme-
diately the Hamiltonian monodromy transformation of Hy (A, ;)). To illustrate this
here, we construct explicitly the cycle basis {[vi],[y2]} of Hi(A(y,)) and show that
under W|A it becomes a basis of H;(Ay).

Applying the linear map W in (2.25) to the loops y; and y» defined in egs. (2.32) and
(3.5) of the previous section, we can now describe the basis Hi(Af) using ¥(y;) and
Y(y,), which we will denote again as y; and 7y, because it is usually sufficiently clear
from the context whether we mean the loops themselves or their images on Ay C c?
under . Recall from sec. 2.4 the specific representation of Ay used in the Picard—
Lefschetz theory, namely a selfintersecting 2-surface Sy immersed in R3 with coordi-
nates (x, py, k) and its projection on the plane R? with coordinates (x, py).

We obtain the first basis cycle [y1] of Hi(As) from the S! orbits (2.32) of ¢y, in
(2.17). In the Picard—Lefschetz theory, [y;] is called vanishing cycle'®. Because the
(x, py)-projections of y; with k < 0 and k > 0 have opposite directions'?, our definition
of i gives the orientation of Sy described in sec. 2.4 and illustrated in fig. 3(c). A
different way to see that explicitly is via a homotopy that takes y; from k < O half of
the surface to the k > 0 half. When regarded in the (x, p,) projection, this homotopy
looks like a reflection of v; in the axis {p, = 0} which necessarily inverts the direction
of y;. This is illustrated in fig. 10.

The second cycle [y2] of Hy(A(,,)) is constructed in sec. 3.1 above using the 27-
periodic flow of the locally constructed Hamiltonian vector field X;,. The path vy, in
(3.5) is defined as a path in R* D A(n,n) With positive direction on Y, corresponding
to increasing K. Reflection at the wall ||q|| = pmax (sec. 2.5) makes A, ;) a torus and
makes Y, a closed fundamental loop on it. Under ¥ in (2.25) the path y, becomes a
pathin C*> D A 7., see, for example, the representation of this path on the s = 0 Riemann
surface in fig. 10. We should make sure that the resulting first homology cycle [¥(72)]
suits the Picard—Lefschetz theory.

In this theory, [y2] is a relative cycle of non-compact fibres Ay called co-vanishing
cycle. To use our [¥(y,)] in the non-compact case, consider extending 7y, in (3.5) as
Rmax — oo at given fixed (m, k). Since K is a height function on Ay, the path ¥, that goes

7Qur construction is essentially contained in the more general setting of [41, 29, 30] where specific
restrictions on F and specific complex symplectic form give in our case the same isomorphism.

185ee, for example, the introduction in [9, 10] where 7; is denoted A.

Indeed from (2.32) we see that ¥ = —A_sin¢ and p, = A cos(t + '), and in particular £(0) = 0 and
Py(0) = A4 coso = 2k.
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Figure 10: The (x, py) projections of the lower (k < 0) and upper (k > 0) parts of the
embedding S of the regular fibre Ay with Im f = 0 and Re f < 0 shown in fig. 3(b) and
(c). The St loops represent orbits Y| defined in (2.32), the bold vertical line shows the
path y, defined by (3.5) with ¢9 = —7/2, ® =0 and s = 0. The observer is at k > 0 and
the dashed half of 7y, lies on the invisible part of Sy. Pulling a loop y; from the lower
to the upper part or vice versus through the critical section at k = 0 is a homotopy on
Sy which results in changing the direction of the (x, p,) projection of ;. The concrete
values of Kpax and |f| used for the plot are 3 and 0.4 respectively; the orbits y; are
drawn for |k| =0, 1, 2, 3, and additionally for k = 0.05, 0.1, 0.25, 0.5 (finer lines).

from —Kpax t0 +Kmax Will in this limit give a curve 5 representing a relative cycle of
Ay. For the purposes of the Picard—Lefschetz theory, we should further require that
in comparison to its “central” part Y», the full curve y; does not depend essentially on
(m,h) outside sufficiently large y,. In this way, the imprint of the singularity Ag in
the cycle bases of regular fibres is localized””. To verify that v, in (3.5) satisfies these
requirements, replace 8 in (3.5) for its asymptotic value (2.52b) in the limit | f| < Rmax,
use (2.35d) for ug = (x0,0,0, po)” and compute the endpoints of Y,

U1 = Sﬁﬂ(@Jrn_arg(f))/zS;TﬂuO

VI opzep (i R _m hom\"
=S | +1 .

n Tt Ea s

For sufficiently large asymptotic T ~ log4Ryax in (2.51b) and Kyax =~ Rmax in (2.16),
the result is essentially independent on arg(f), i.e., on the point on the monodromy
circuit I'. So the condition | f| < Ryax assures the correspondence between our compact
Hamiltonian case and the Picard-Lefschetz analysis.

3.3 Hamiltonian monodromy

The first homologies H (A, 5)) with cycle bases {[v1], 2]} form a locally trivial bun-
dle over the S' circuit " in eq. (3.1) and fig. 7. As we follow T, the globally defined
cycle [y;] remains unchanged: for any (m,h) € R such as (m(s),h(s)) € I' € R, an orbit
Y1 projects to a circle in the g-plane directed counterclockwise and parallel to the wall.
If any proof of this is needed—use (2.32). So in particular

Y1 (60/) =M1 (0/) =1 (36&)

20The full significance of this requirement of the Picard-Lefschetz theory becomes clear in sec. 3.4.
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Figure 11: Cycles 7, in (3.5) defined for s = 0’ and 60’ which correspond to the initial
and final point on the monodromy circuit I' in (3.1). The initial-final torus A,, ;) with
(m,h) = (0,—1) is shown embedded in R* with coordinates (x,y,k) as described in
sec. 2.3.2, cf. fig. 2.

On the other hand, the initial cycle [y2(0')] and the final cycle [y2(60)] are different.
We can easily see this in fig. 9(b) which illustrates (3.5). For s = 0/, i.e., for m = 0 and
h <0, the orbit ,(0') projects to a radial line in the g-plane, while v,(60") projects into
a loop which has one point on the wall with ||q|| = pmax and which encircles clockwise
the classically forbidden region around q = 0. The respective rotation angles 6(0’) and
0(60') equal 0 and 2r. The three-dimensional representation of the initial-final fibre
A(m=0,<0) in fig. 11 can further help to understand the situation. This representation
clearly shows that ¥,(0') and the final cycle ,(60’) are not homotopic to each other.

Comparing to the Picard-Lefschetz theory, it is worth recalling that here we are
on a torus where v, is a closed fundamental loop (sec. 2.5). So [}2] is a cycle of
H{(T?) and not a relative cycle of a noncompact fibre. Moreover, transforming ¥, (60’)
homotopically”! on A(n=0,n<0) We observe that

12(60") =12(0") — 1. (3.6b)

Expressing (3.6a) and (3.6b) in the matrix form, we get the statement of theorem 3.1

N = 10\ (v
<Y2)s=(,or - (—1 1) ('Y2>s:0/. (3.6¢)

A different convenient way to visualize the continuous evolution of ¥, relies on
replacing the R? embeddings of regular fibres A, ;) (fig. 11) by their R? /Z? trivializa-
tions which we called g-charts and p-charts (see fig. 2). Even though these trivializa-
tions are, obviously, not canonical T2 - R? / 7?2 (because neither of their coordinates
is a canonical angle), they are locally equivalent to a canonical chart and give a similar
representation of what happens”?. The only problem arises for m = 0 when one of these
trivializations becomes singular and we are forced to use a particular one trivialization
near m = 0: a g-chart for 4 < 0 and a p-chart for 2 > 0. Consequently, we will have to
switch between the ¢ and p charts in order to complete a tour on I'. For m # 0 this can
be done using diffeomorphism (2.23b).

Note that the g-chart is easily comparable to fig. 9(b) and 11. In fig. 12, we used
the g-chart everywhere except near the “upper point” point I'y = 'N {m = 0,k > 0}

21 The most convenient orbit for that is y; with k = 0, i.e., the one giving the boundary of the classically
forbidden region in the g-plane.
22For an example of using canonical trivializations, see [49].
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Figure 12: Construction of the continuous family of cycles for the regular fibers A, )
with (m,h) on the circuit I" (center). Dimensionless coordinates (¢g,K/Kmax) and
(@p,K/Kmax) on g-charts and p-charts (top row), respectively, correspond to those in
sec. 2.3.2 and fig. 2. Each chart shows the second cycle representative y, (bold line)
given by (3.5) and its decomposition using the trajectory of the system with Hamil-
tonian H in (2.14) (gray line) and part of the orbit of the flow of the system with
Hamiltonian J; in (2.10a) (bold horizontal line), i.e., the orbit of the axial symmetry
action (2.2); arrows correspond to positive time increase. Dashed bold lines on the g-
charts for I's and I'; (bottom center and right) indicate cycles for I'lo =1's and I'g =T
respectively.

to illustrate the evolution of ;. Denoting points that mark characteristic stages of the
evolution as 'y, I'1, etc, which can be easily associated with the values of s € [0,60] in
fig. 7(b), we begin at the “lower” point 'y = I'N {m = 0,h > 0} with ¥, going straight
along axis K (vertical dashed line denoted X, (I'g) in the bottom center panel of fig. 12).
This 7y, deforms smoothly as we move along counterclockwise through I'{, I">, up until
I'; and compensate the nonperiodic orbit of the flow of Xy (bold gray) by subtracting
an appropriate segment of the orbit of the flow of X; shown at the bottom of each
panel. At I's, because our g-chart becomes singular later at I'4, as can be observed
clearly at the nearby points I and I'}, we switch to the p-chart using (2.23b). We
continue smoothly to I's where we switch back to the g-chart and then complete the
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Figure 13: Projections of the upper (k > 0) part of the Riemann surfaces Sy (cf. fig. 10)
and paths 7y; (closed loops) and v, (bold line, solid for k > 0 and dashed for k£ < 0)
representing basis elements of H(Sy) for different f(s) on the monodromy circuit
y(I') € C\ 0. The initial path v, for s = 0’ is shown in fig. 10. The value of s is
indicated in the lower left corner of each snapshot, f(s) is given by (2.28) and (3.1).
The angle by which the branch points have rotated is indicated in the upper right corner.
Also shown in this corner is the miniature g-space projection of V,, cf. fig. 9(b).

tour returning to I's =Ty by way of I's and I';. We read (3.6b) from the I's = I'y panel
of fig. 12.

Equations (3.6) show that the cycle basis {[Y1], [y2]} cannot be chosen globally over
I' and that the system has nontrivial monodromy. As was already mentioned before,
the monodromy transformation (3.6) depends neither on the choice of the initial-final
point on I, nor on the particular circuit I" within the homotopy class [I']. This signifies
that the cycle basis {[y1],[Y2]} cannot be chosen globally for all regular (m,h) € R and
that H; (A(mm) form a nontrivial bundle over the whole R as well as over the particular
[in (3.1).

3.4 Picard-Lefschetz monodromy

Due to the isomorphism of the fibres Ay and A, p,), of their first homologies, and
of the paths along which f and (m,h) vary, Hamiltonian monodromy of our compact
system is entirely equivalent to the Picard-Lefschetz monodromy characterizing the A
singularity. To illustrate this equivalence, which extends naturally to any Hamiltonian
system with nondegenerate focus-focus singularity, we compute below the monodromy
transformation of Hy (Ay) in the way it is usually done in complex geometry.

Under the linear map (2.28), our circuit (3.1) becomes an equivalent homotopically
nontrivial S' path y(I") in the set C\ 0 of regular values®® of F in (2.26). Notice that

ZThe set of regular values of F in (2.26) is larger than that of EM because there is no wall reflection
(sec. 2.5) in the standard Picard-Lefschetz theory and fibres Ay are non-compact.
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y(I') has negative direction with respect to the standard orientation of C. We analyze
the evolution of the Riemann surface Sy of (2.31). As f follows y(I") and completes
one tour, the branch points ++/f go half-way around a circle in C of radius \/m . This
does not affect qualitatively the basis cycle [y;] which encircles the two branch points
points and the interleave line connecting them. We have (3.6a). At the same time,
because it crosses the interleave line, the basis cycle [y2] is deformed in order to evolve
continuously with f. Taking our explicit realization of Sy as Ay embedded in R3 (see
sec. 2.4), and our concrete y; and Y,, we can follow this evolution in detail as illustrated
in fig. 13.

In order to compare the final path v,(60') and the initial path y,(0') drawn in the
last snapshot of fig. 13 and in fig. 10, respectively, consider their difference’*

8y, = 8_US, =1(60') —12(0), 3.7)

where 8., and &_ lie in the respective k > 0 or k < 0 halves of the Riemann surface Sy
with f =s5(0") = f(60") = h < 0 as depicted in fig. 14(a). Deforming 8y, homotopically
on Sy, we show that it is equivalent to —vj.

First we deform both &_ and 8. keeping their two intersection points on the k =0
interleave line fixed. The deformation of &_ is illustrated in fig. 14(b) and 14(c), that
of 8, (dashed line in fig. 14) is entirely similar. We recall that y,(60') and y,(0') are
defined so in sec. 3.2 that for large |k| > | f| they approach each other asymptotically,
and in the compact case with explicit Kmax cutoff of S, they connect at points with
k = +Kmax. This means that the |k| > |f| part of 8y, is homotopic to zero and can be
removed. So we obtain a closed path 872 =5 U S+ in the neighbourhood of k = 0,
see fig. 14(d). Each half of 5 is a semicircle going along —7y; and connected to k =0
by segments of two different representatives of [y,(0')]. Notice once more that this
deformation—and therefore all that follows it—is only possible due to the fact that at
large || our cycle bases are essentially insensitive to the changes in f.

The next step is “pulling” one of 04 through the k = O interleave line. Recall
from sec. 2.4 and 3.2 that the direction of the (x, p,) projections of the closed paths 7,
changes when these paths are moved across the interleave line. Similar thing happens
to 8. So moving 5 homotopically from the k > 0 part of Sy to the k < 0 part results
in fig. 14(e). Now it becomes obvious that the two k = 0 points of &,, which remained
fixed throughout all these deformations belong to “appendices” that are homotopic to
0. Removing the latter we arrive at —7y; in fig. 14(d) and we obtain (3.6b) which
corresponds to the Picard-Lefschetz formula

8y, = (—)Vind(y1 Ny2) 7 (3.8)

where (—)! equals +1 or —1 depending on whether the circuit I" is directed counter-
clockwise or clockwise with respect to the orientation of the complex line C of the
values of (2.26), and ind(y; NY,) is the intersection index of y; and 7y, with respect to
the orientation of the constant level set A ¢ defined by the complex structure on the Rie-
mann surface of (2.31). In our case (—)' = —1 and ind(y; Ny,) = 1. The computation
of the latter is illustrated in fig. 15, where we can see that at their intersection, the paths
v1 and v, always define a pair of tangent unit vectors (e;,e,) which agree with the ba-
sis (epy,ex) that sets the orientation of Ay. Notice that because of this agreement, our
orientation of A, ) in the Hamiltonian case (sec. 2.3.2 and sec. 3.1) coincides with
that of Ay.

24Not to confuse with & in [9] which corresponds to our y,; what we denote § is the variation of ;.
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Figure 14: Homotopy of &y, in (3.7) on the Riemann surface Sy (cf. figs. 3, 10 and 13).
(a) 8y, viewed from the projected lower (k < 0) part of S¢; the bold solid line shows the
visible k < 0 part _ while the dashed line marks the invisible k > O part &, ; (b) the
homotopic transformation of 8_ using half of the path —v;; (c) same as (b) but with the
large-|k| part of the deformed cycle removed, so that the result shown by the bold solid
line can now be moved homotopically across the kK = O interleave line in the centre.
(d) 8, is transformed similarly to (b)—(c); (e) the deformed & is brought down to the
k < 0 part, gets flipped in the process with respect to the {p, = 0} axis, and becomes
visible; (f) after removing parts homotopic to 0, the result is —y; on the lower part of

Dy ! k>0

€]
€ 1 X

Figure 15: Computing intersection index ind(y; NY2) = 1 on the regular fibre A with
f =h <0 represented as a Riemann surface of (2.31) and oriented according to the
standard complex structure of R?> ~ C with coordinate u in (2.25) and corresponding
reference basis (ej,e;).

3.5 Direction of basis cycles and the ‘“‘sign” of monodromy

Both Hamiltonian and Picard-Lefschetz monodromy are purely topological phenom-
ena which involve orientable regular fibers, tori A, ) and complex curves Ay, respec-
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tively. Orientability of regular fibres results in the specific feature of these phenomena
which we may call their “sign” following the original terminology by Zhilinskii [74].

Remark 3.3. The “sign” of monodromy should not be understood literally as the sign in
expressions (3.6b) and (3.8), but rather as a reference to a particular class of SL(2,Z),
cf. [56, 57, 74, 27]. Note that matrices (3.2) are not conjugated in SL(2,Z) (they
belong to different classes of conjugated elements). Also note that M_ = M;], ie.,
the inverse of M., which corresponds to —I" (clockwise), is not in the same class as
M, itself. Our computations in sec. 3.3 and 3.4 and later in sec. 4 prove that, with all
conventions respected, monodromy in the simplest case of a non-degenerated focus-
focus equilibrium of an integrable Hamiltonian system with two degrees of freedom is
always given by a matrix conjugated to M .

Remark 3.4. Tt can be conjectured [74] that in systems with n > 2 degrees of freedom,
only matrices of certain classes of SL(n,Z) should be expected.

Orientation of regular fibres corresponds to the choice of directions of y; and ¥, and
to their resulting intersection index ind(y; Ny2). Once these directions are chosen so
that all conventions are respected, the monodromy transformation of respective cycles
[v1] and [y2] is unambiguous.

In the Hamiltonian case [74, 27], the choice of directions of y; and Y, coincides
with the orientation defined on all fibres in an open neighbourhood X, ) C T*R? of a
given regular fibre A, 5 by Hamiltonian vector fields (X, , Xy ). With this orientation,
ind(y1 NY2) = 1. Specifically, v is naturally directed by X;,, while the direction vector
e of 1, is chosen so that e; - X (u) > 0 at any point u € ¥, C T*R?. A slightly different
approach that involves a specific height function on A, ;) which has a particular v, as
its O-level set is described in sec. 5 of [49] and is used in sec. 4. So it follows that in
the Hamiltonian case, the sign in (3.6) is fixed.

In the Picard-Lefschetz theory, directions of y; and Yy, (and consequently the ori-
entation of Ay) are defined with respect to the standard complex orientation of the
Riemann surface Sy of (2.31), cf. fig. 15. Given these directions on y; and ¥, and on
the circuit I', the variation of the co-vanishing cycle 7y, is prescribed by the formula
(3.8). If the directions agree with the orientation of Sy, the index ind(y; Ny2) = 1, and
we have the same transformation as in the Hamiltonian case.

Figure 16: Decomposition of a degenerated isolated singularity into two elementary
singularities represented by critical values o' and o in the base of the integrable fibra-
tion. Circuits I and I'” encircle o’ and o”, respectively, while I' = I + T goes around
both o and o”.

Of course, directions of y; and Y, may be set externally, irrespectively to the cho-

sen orientation of the fibres. The Picard-Lefschetz formula takes care of all such trivial
changes. The “sign” property can be best understood when we consider a combination
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of two isolated singularities that can be deformed into one single degenerate singular-
ity [14] (several concrete physical examples can be found in [38, 39, 37]). Because of
this property, monodromy of the degenerated singularity cannot be trivial. Specifically,
let isolated critical values o’ and 0" of the same integrable map represent two isolated
singular fibres (pinched tori or A| singularities, depending on the setup) in the base of
the integrable fibration (see fig. 16). Then the fundamental group of the base is gener-
ated by circuits I and I'” encircling o’ and o” respectively. What is the monodromy
transformation yjry corresponding to [I'] = [I'] + [I'”], and—by deformation—to the
combined degenerated singularity? Because monodromy is a homomorphism, we have
M[r) = Mrv) © Hrv), which for monodromy matrices (in some fixed cycle basis) means
M = M'M". Because of the sign property, there is no common fixed cycle basis in
which M’ = M and M" = M_ so that M = 1 and yjry is trivial. As suggested in [24,
Proposition 1.8, Remark 1.10], this may no longer hold in the non-Hamiltonian case.

Remark 3.5 (addition of singularities). If a system possesses k > 1 nondegenerate
focus-focus equilibria i = 1,2, ...k, their monodromy matrices are in the class [M ],
but there may not be a common basis to represent all matrices as matrices in [M.]. The
latter can only happen if the system has a semi-global S' action and corresponding mo-
mentum. If we compute monodromy for a contour I" which encircles all respective iso-
lated critical values, the monodromy matrix is M = Hi.‘zlA,-MJrAi_1 with A; € SL(2,7Z).
For the global S! action, we have M = Mﬁ = M, as in the case of a k-pinched torus.

4 Explicit construction of the first homology (/) bun-
dle over I" using a fixed global section (Nekhoroshev)

In this section, we like to emphasize further the topological origins of monodromy. So
far, our construction of the cycle [Y2] in sec. 3.1 relied substantially on the detailed study
(sec. 2) of the dynamics of the system with Hamiltonian (2.1). At the same time, the
correspondence to the Picard-Lefschetz theory, which is uncovered in sec. 3.4, suggests
strongly that Hamiltonian monodromy is a basic topological phenomenon of a more
general nature. This aspect of monodromy can be seen most clearly in the H; bundle
construction by Nekhoroshev which he and his colleagues implemented in [48, 49, 53].
In this method, the second cycle v, of H; is defined by studying intersections of fibres
A with an appropriately chosen fixed hyperplane ¢ € R*. The use of the dynamics
on R* is reduced to a bare minimum: the dynamics is used to define the directions of
the cycles. Specifically, the directions of [y;] and [y,] are chosen to agree with that of
the flow of the Hamiltonian vector fields, the periodic flow of X, and the nonperiodic
flow of Xy, respectively. Such fixing directions in accordance with the flows of these
Hamiltonian vector fields defines the sign of monodromy, cf. sec. 3.5.

It is clear that in order to define v, from intersections A, 4 := A, 4 N o, the hyper-
plane o should be transversal to the orbits y; of the flow of X;,. We can use

o:={y=0} 4.1)

with coordinate functions (x, py, py). This plane is transversal to y; when m % 0. When
m = 0, we should stay away from the 2-plane {x =0} C ©.
From (2.1a) and (2.10a) we can see that in &, the intersection A, 5, is given by

{xpy=m, p}+p;—x>=2h}
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Figure 17: Intersections A, j,: regular intersections for m < 0 (a) and m > 0 (b) consist
of two components which are shown by bold lines; the critical intersection for m = 0
and h > 0, or the “skeleton curve” is shown in both plots by a fine solid line. Direction
of the skeleton curves in the planes {p, = 0} and {x = 0} is defined by the flow of Xy
and Xj,, respectively. Plots are made for 7 = 1 and |m| = 2/10.

and we obtain

2
x> %pi—h—i—\/ (%p%—h) +m2.

It follows that for all (m,h) ¢ {m = 0,h > 0}, the intersection A, ;, consists of two
disconnected components with x < 0 and x > 0 which do not reach the {x =0} C &
plane, see fig. 17. The A,,—0 >0 is the only critical intersection which Nekhoroshev
et al. [49] call a “skeleton curve” because as 72 > 0 and m goes to 0, the two components
of the regular intersection approach this skeleton in two different incompatible ways
corresponding to the limits m — 0_ and m — O, (left and right in fig. 17). The skeleton
curve is a union

Mn=0si>0 = {x =0, pi+py =2h}U{p, =0, p.=+V2h+x?} Co

of the circular orbit y; in the {x = y = 0} plane and the two hyperbola in the {py, =y =
0} plane, respectively, which intersect in two points

Oi ::{x:py:(),px:i\/ﬂ}ec. (4'2)

The direction on the skeleton curve 7y is given by the vector field X;, forx =y = 0.
In coordinates (x, py, py) on G this gives (0, —py, py)”. The direction of the two other
skeleton curves can be defined similarly using Xz for y = p, = 0 which gives vector
(px,x,0)7. These directions are indicated in fig. 17 by arrows. They can be used to
orient the components of the nearby regular intersection.

Everywhere except when m — 0 for 4 > 0, we will construct the curve 7y, represent-
ing the second basis cycle [y,] using the positive-x component of A, ,. When m — 0
and h > 0, we cannot do that because, as can be seen from fig. 17, such component can-
not be continued through the critical intersection A,,—0 s>0. So before we reach m =0
at some fixed & > 0, we will “disassemble” our curve Y, and we will “reassemble” it
back shortly after crossing m = 0. The disassembled curve is homotopically equivalent
to 72 in A, 5 but it does not lie in ¢ and it does not come close to the {x =y =0} plane
and therefore can be continued through m =0, h > 0.

We start on I' like in sec. 3.1, with m = 0 and & < 0, and continue Y, counter-
clockwise as the x > 0 component of A,, ;. Approaching m — 04 we disassemble y»
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Figure 18: Disassembled x > 0 component of the regular intersection A, , with m — 0
and i > 0 (bold solid and dashed lines). The unused parts of A, ; are shown in gray.
Dashes indicate paths outside G, notably the small connection & and part of —vy;.

using parts of the x > 0 component of A,,;, with sufficiently large x, part of y; and
a small segment 8 ¢ 6. The smallness of the latter assures homotopy. The result is
shown in fig. 18. In this figure, we mark points A4 and a1 on the x > 0 component of
A= A>0,>0 and point b_ on the x < 0 component of A. We replace the part a_a; C A
by the union of § =a_b_ and b_a C —7;. Notice that the connecting path 8 is neces-
sary because of the specific way the S! orbits y; intersect A C &, and that the direction
on b_a. is opposite to that of y;. The smallness of 8 is guaranteed by the fact that for
m — 0 points b_ and a_ remain close to o_. It follows that the curves

Y»=A_a_UdUb_arUa Ay and Y =A_a_Ua_a_+UaiA; CA

are homotopic and we can now continue ¥, to negative m, see fig. 19(a).

We can now ‘“reassemble” ¥, in fig. 19, top in order to eliminate & = a_b_ and
use a_a.. This involves another piece ab_ of —y; that goes back from a4 to b_.
Specifically, we can see that a_a4 Ua;b_ U —3 is homotopic (in A, ;) to a point. We
have

A_a_UdUb_ayUatAy ~A_a_U(a_arUarb_U—-8)UdUb_arUatAy,

see fig. 19(b). Therefore, our ¥, for m < 0 is homotopic to A_a_a; AL U -7, i.e.,
the sum of the x > 0 component of A, ;>0 and —y;. This sum continues along I
with m < 0. Returning to the departure values m =0 and & < 0, the curve A_a_a, A
becomes the original y>(0). The final v,(1) is therefore the sum of the original v,(0)
and —vy;. The latter was acquired at the crossing of m = 0 for 4 > 0 and does not change
as we follow T, i.e., ¥1(0) = v1(1). So for the respective basis element in H; we have

21(1) = [v2](0) — [v1]

and obtain theorem 3.1. The sign in this sum (cf. sec. 3.5) is determined by our choice
for the direction on Y, to agree with that given by Xy.
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(a)

h>0
m<0

(b)

h>0
m<0

Figure 19: Disassembled (a) and reassembled (b) x > 0 component of the regular in-
tersection A,,<0.4>0 (bold solid and dashed lines). Dashes indicate paths outside o,
notably the small connections +98 and parts of —y;. Curve (a) is a continuation of the
one in fig. 18 to negative m; curves (a) and (b) are homotopic.

Remark 4.1. Since the calculation does not involve the analysis of the wall reflection at
Pmax, the above method applies to any focus-focus equilibrium. Furthermore, since the
very presence of the wall is not important, this method can be used directly to compute
“scattering monodromy” of [30, 34] and the Picard-Lefschetz monodromy in sec. 3.4.
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5 Discussion

Unlike some other computations of Hamiltonian monodromy, the Nekhoroshev’s proof
in sec. 4 relies essentially only on the geometry of the fibration of T*R? into common
(m,h)-level sets A of J; (2.10a) and H (2.1). Hamiltonian dynamics is engaged only
in order to remove the ambiguity in the choice of directions for the basis cycles in
Hi(A). Consequently, we have a direct analog of the Picard-Lefschetz computation
(sec. 3.4). Minimal and concise, both proofs show that monodromy is indeed a very
basic topological phenomenon. At this point, it may be worth to rethink the distinction
often drawn in the literature between the so-called “geometric monodromy theorem”
[56, 24], and all other studied cases of Hamiltonian monodromy. Instead of exaggerat-
ing the specifics of concrete examples, a proper such distinction should, in our opinion,
focus on the method employed. From this perspective, Nekhoroshev’s method is the
most geometric. As for the particularity of concrete systems, such as ours, they can
often be shown related directly—if not equivalent to the most general case (sec. 2.8).

The same remark applies to fractional monodromy whose geometric proof was
given by Nekhoroshev et al. [49] initially for a concrete example and was developed
and generalized later by Nekhoroshev in [54, 53] and eventually in [55] where he im-
proved substantially the original method of [49]. Subsequent treatments [66, 17] which
are called explicitly geometric may certainly be more concise and elegant, but are nev-
ertheless a continuation in the direction already set by Nekhoroshev.

As the participant in the original work on fractional monodromy, the author of these notes
is well positioned to tell the story of its discovery. Our long discussions initiated when Nikolai
Nekhoroshev began his visit as invited professor in Dunkerque in autumn 2001. He suggested
a class of model systems, the 1:(—k) resonant oscillators with compactifying smooth high or-
der terms, while Boris Zhilinskii proposed “fractional monodromy” as a natural possible formal
defect of integer (quantum) lattices [74, 60]. When Boris left for several months in the spring
of 2002 and Nikolai moved to Boulogne-sur-Mer, we faced together the difficult task to work
out the relation of Boris’ conjecture to classical mechanics. At the beginning, Nekhoroshev was
cathegorical that monodromy could not be “fractional” (and it is not, since it is a transforma-
tion of basis cycles in H; and so is given by a matrix over Z). It took the concrete example
of the quantized 1:(—2) resonance system [48] and its interpretation to direct him towards his
understanding of what went on. The three of us were able to finalize the proofs later, after many
sessions of difficult work and meetings that continued, with interruptions, over several years
until his stay in Milan in 2005. For a long time, Nikolaif remained suspicious of the “sign” of
Hamiltonian monodromy (sec. 3.5) which he finally accepted after detailed scrutiny of the H;
bundle construction in our final proof [49]. Indeed, as we have seen in sec. 3, accounting for
this property makes any proof much longer. Nikolai worked only in Russian. Very sharp and
attentive to details, and at the same time, reaching far ahead and widely to other domains that he
understood and felt so profoundly, he could iterate painstakingly over and over the same para-
graph, lemma, or definition. Sometimes, the result of the whole day spent together amounted to
a half-page, and sometimes it was—frustratingly—rejected the next day. Nekhoroshev became
clearly convinced of the originality of our discovery and produced several mathematical sequel
papers on the subject [55, 54, 53]. Knowing how diligently he worked, and how carefully and
economically he was choosing his statements, we, as his readers, have now a difficult respon-
sibility of understanding these works fully. Nikolai admitted the necessity of solid complete
proofs, but most of all, he aimed at conceptual cleanless and universality. He used to say: Let
us make sure that this is right! As for the (elegant) proofs—others will follow and come up with
them. And they did, fortunately.

Beyond the basic case which we consider in the present article, the correspon-
dence of isolated singularities in Hamiltonian systems and those in complex geometry
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Figure 20: Image of the £M map of the hyperbolic billiard with Rp,x = 1/4, cf.
fig. 1 and 7(a), and the lattice of joint energy-momentum eigenvalues (black dots) of
the corresponding quantum system with i = 1/40 according to [61]. Dark shaded
quadrangles illustrate the evolution of a quantum elementary cell (Zhilinskii’s lattice
defect diagram). Quantum monodromy defines the relation of initial and final cells.

[9, 44] is difficult to examine fully. To our knowledge, no reciprocal analogies, at the
level of detail similar to the one in our study, have yet been suggested for fractional
Hamiltonian monodromy [48, 49, 54, 53, 55], or for singularities in [9, chap. I1.16]
other than A;. The problem seems to be related to the compactness of the fibres in
the Hamiltonian case and the resulting global properties of Hamiltonian monodromy.
So in Hamiltonian dynamical systems, two major additional possibilities can be dis-
tinguished for a basis cycle of the first homology group of the regular fibres: (i) it can
connect the neighbourhoods of several different singular points or (ii) it can re-enter
several times the neighbourhood of the same singular point. These cases correspond
to degenerate singularities and to fractional monodromy, respectively. Degenerate sin-
gularities, known as k-pinched tori, can be deformed into a system of A;-type points
(sec. 3.5). On the other hand, complex geometry of fractional monodromy, such as
near the 1:(—2) oscillatory singular point [48, 49], can be, possibly, uncovered using
its branched covering [35] that removes (uncurls) “weak” singularities and turns the
system back to the basic A; type. In both situations, reduction of naturally pertinent
descrete symmetries can provide further insight. At the other end, with regard to com-
plex curves, their suitable compactification becomes more complicated in comparison
to the basic case A;. For example (cf. [42]), one can attempt treating A3 similarly to
A1, while A, and A4 require clearly a different approach. Further understanding can be
gained from deforming higher types into several basic A; singularities [43, 44].

Our concrete system, despite its seeming simplicity and specific properties, allowed
deep understanding and illustration of several most general aspects of the theory. As
detailed in [61], we can naturally extend this study to other topics, always taking advan-
tage of computing everything explicitly. Computation in sec. 2.7.7 of the rotation angle
0(m, h) and period t(m, k) given by integrals (2.49) and (2.50) is the basis of Hamilto-
nian methods of describing monodromy, often referred to as period lattice computation
[28, 20, 21, 36]. One such method is detailed in sec. 3.3. Explicit computation of such
integrals can be difficult in a general case and is, in fact, unnecessary, since all we need
to know is the variation 8t(m, /) and 80(m,h) over the circuit I'. Complexifying the
integrals and turning to the cohomology on the regular fibers over I results in the study
of Gauss—Manin connections [45]. The related theory of Abelian integrals can be used
to compute Hamiltonian monodromy in sec. 3.3 as Gauss—Manin monodromy [40].
Doing this for our example system [61] shows, however, that the computation is longer
than one may expect when the sign (sec. 3.5) has to be accounted for. Naturally, similar
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techniques can be applied to the action integrals themselves, cf. [71, 40]. In fact, given
that (2.10a) is a globally defined action, what we need is a pull back % (m,h) of the
(locally defined) second action J, by the energy-momentum map EM . In our case this
function has a simple form [61]

21 (m,h) = —mO(m, h) + ht(m,h) + | f| sinh (t(m,h)) (5.1a)
~marg(f)—hlog(|f|) —mm+h(1+10og4Rmax) + - .. (5.1b)

The asymptotic form (5.1b) with 0 < |f] < Rmax is what one expects generally (cf.
remark 2.14) near the focus-focus singularity. Its first term m arg(f) reflects the log-
multivaluedness of %, [69] and is at the root of monodromy. These expressions provide
the most direct access to the study of the domain that represents the system (the base of
the fibration R) in the action space [65, 70] and most importantly, of the integer lattice
(affine integral structure) [74, 49] in R. The latter corresponds to the joint energy-
momentum spectrum of the quantum analog system. Quantum monodromy [23, 68,
59, 25, 26, 49] is observed in this latice as a point defect [23, 74]. To present this
perspective more definitely, we like to include fig. 20 showing the quantum spectrum
of our system. Quantum monodromy is given in this figure by the transformation of
the basis cell of the lattice after the cell is taken on its tour on I C R around (0,0).
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