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Reduced Hamiltonian for 0100 and 0001 Interacting States of
Tetrahedral XY, Molecules: Calculated r2J/? and r2/°-Type
Parameters for v, and v, Bands of Methane’
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and tChemistry Department, Moscow State University, Moscow 117234, USSR

Ambiguity of the effective Hamiltonian for the interacting F and F, states of tetrahedral
XY, molecules was studied. Unitary transformations to yield a reduced form of the Hamiltonian
were suggested, the latter including only empirically determinable parameters. The r2J? and
r¥J3-type spectroscopic parameters for the 0001 and 0100 dyad of CH, molecule were calculated
by means of contact transformations. It was shown that sets of spectroscopic parameters
derived by several authors for the interacting v, and »4 bands of CH, and SiH, may be related
via certain unitary transformations. € 1985 Academic Press. Inc.

1. INTRODUCTION

It has already been shown (7, 2) that most high-order parameters of the effective
Hamiltonians, #°%, for the degenerate vibrational states of spherical top molecules
cannot be interpreted as spectroscopic constants. For example, there is one “degree
of freedom” in the set of the four r®J%type parameters for a triply degenerate
isolated F, state. The similar situation occurs for the 2J7 parameters of the isolated
E state. The ambiguity is more pronounced in the case where resonating states are
analyzed simultaneously. It is found that all the r2J2- and r2J*- type parameters
and most other high-order parameters of the effective Hamiltonian for the tetrahedral
XY, molecules cannot be unambiguously determined from experimental spectra.
The ambiguity is caused by the fact that although #°f subjected to unitary
transformations does retain its initial form and eigenvalues, it nevertheless leads to
considerable changes in the adjusted parameters.

In this paper the 0100 and 0001 interacting states of the tetrahedral XY, molecules
are treated in more detail.

Sections 3-6 discuss the ambiguous character of the effective Hamiltonian for the
vr-v4 dyad under small unitary transformations. Then the unitary transformation of
#°" which inverts the signs of interaction operators is considered (Section 7).
Furthermore, the relations derived are used to explain the pronounced discrepancies
between the parameters for », and », interacting bands fitted by different authors
for CH, and SiH, molecules (Section 8). In Section 9 r2J% and r3J>-type parameters
for the v, and p, interacting bands of methane are calculated using the anharmonic
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force field of Gray and Robiette (3) and the formulas of our previous paper (4). It
is emphasized that the correct comparison of the calculated and fitted parameters
is possible on the basis of relations derived in this paper. Finally, in Section 10 the
reduced effective Hamiltonian is suggested. The awkward ambiguity in the parameters
of the interacting states can be avoided by the use of this effective Hamiltonian.

2. EFFECTIVE HAMILTONIAN

The effective Hamiltonian is represented in terms of irreducible tensor operators
of the Td point group (5, 6). For the 0100 and 0001 interacting states it may be
written as

F= 5 T (HKADITs KAy (1)

5.5'=2,4 QK0T
s<s’

where

THKANNTs — (CDRYTSLAT) 5 QKA )
It should be noted that the notations introduced in Ref. (6) will be used throughout
the paper. The tensor operator, T%%VTT has the form

TSZ(O,Al)I‘I‘ — [F]l/2(_31/2/4)9/2(vI‘I‘(A1) X R!l(O.AI))A]. (3)

Effective Hamiltonian (1) also contributes to the energy levels of some overtone
and combination vibrational states. In this paper, we consider the effective Hamil-
tonian up to the third-order terms. This theoretical model was used by Pierre et
al. (7).

3. AMBIGUITY OF EFFECTIVE HAMILTONIAN

The ambiguity of an effective Hamiltonian is due to the existence of small real
unitary transformations

4

It

. exp(if)# exp(—is)- - -

%‘F[lc‘a,%]-{-%[l&,[z&’%”-{- (4)

which change the coefficients rather than the operators included in the effective
Hamiltonian. For Hamiltonian (1) there are two possible types of transformations
(4). These include transformations having diagonal generators (2)

QSD?,(SK,nI‘)I‘SI‘: — SggK,nF)Fsz ((—IW"V£§I‘;(F) X RSI(K,nI‘))A; (5)

and nondiagonal transformations

QUK.ADIEF: — (QKATIEF ((—1K-1 1 EFyT KTy
SYGDER = gRUODEE (CUE B 5 RHUKAD)A (6)

which appear to be more important. Possible generators up to the sixth power in
the angular momentum are presented in Table 1. The ambiguity of the effective
Hamiltonian used by Pierre et al. (7) is due to the parameters of the S generator
marked with dotted line.
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TABLE [

Independent Parameters of §-Generator up to Sixth Power in Angular Momentum

V2 V4 V2 - v4 —~ Interaction
Q &, ) Q &, 1) Q K, nl)
5(5,%) 3(3,F,) [ 10,B0 5(3,F,)
6(6,4,) 4(4,F ) : 2(2,8,) 5(5,0P,)
5(3,F,) | 3(1,p1>l 5(5,1F,)
5(5,E) I 3(3,8,) 5(5,F,)
5(5,F,) 1_3_(3_,_1"2)_J 6(2,7,)
6(4,F,) 4(2,F,) 6(4,F,)
6(6,F,) 4(4,F,) 6(4,F,)
4{4,F;) 6(6,F,)
5(1,F) 6(6,0F,)
5(3,%,) 6(6,1F,)

4, FIRST-ORDER TRANSFORMATION
As one can see from Table I, the generator of the first transformation is (1, 8)
Sé(_‘},'F')EFZ(Vg?(F” X Rl(l.Fl))AI. (7)

For transformation [(4), (7)] to be small for / ~ \~' one has to impose a restriction
on the order of magnitude for the parameter si/} 1P

SIGFNER < \2 (8)

where N> ~ (B/w). This transformation affects the parameter (3U*VEF2 via the
commutator of the generator (7) with &,TI9EE and &, T2 terms of the
untransformed effective Hamiltonian

TULEDER . (1(VFDEF) 1(1.F)EF,
pYGFER = JGEER 4 GJRPRR G, — 6,). &)
Additionally, through the commutator
[is 3§ FOEFGIUFOER: ¢ 1L FOEFIT L FOER2)

it affects the diagonal coupling parameters 221755 (¢ = 2 4)

. . 2 - ..
13GEEE — (2Q.EEE _ WLFDER WLFDER

S
33 7

~ 4
2A2EVR2F; 2,EVFaF. FEF: FEF
BEORE = (PR - 2 s e,

i

~ | e .
2Q.F)F2F2 - 422 F)FF WLEDEF24 101 F1)EF
t4f4 2)F2F2 14&‘ VF2Fy 4 Szfa 1) 2I2f4 WEF2 (10)
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as well as the parameters ¢ 20400Ts (5 = 2, 4)
F200.AEE _ ;2(0,A1)EE __ 4 1(1,FI)EF l(l JFONEFR,
123 =122 5 54 24 ,
7

. . 8
2(0.4 Fy — 42(0,41)F2F; 1(1,F1)EF24 1 (1,F1)EF:
QAN = (JQAVRE: { gL FOER(LFOER:, (11)

L

The change in the second-order interaction parameter

SALFNEFs — 4 22F)EF WLEDEF2, 1(1,F1)F2F:
13GFIER = (3G FDER 53 FOER G FERE (12)

induced by the first transformation is due to the commutator of S, with the term
14§ FORFTIGFORE  Major contributions of the first transformation to r/ and r2J?
terms of methane-type molecules have been analyzed in a previous paper (8). The

1110 1 IIICil4 NIVICCUICS 1id vceil 4lldl a U pialt

above transformation also contributes to the higher-order terms, e.g.,

1(1LFy )Ele 212,F2)EF,
2.4 2.4 ’

’)
;2&{,F|)F2Fz = 3UFRF _ 2 sl(l F])Eth2(2 Fz)EFz
5
2
736, — FFPF 1(1,F1)EF242(2.F2)EF:;
133FVRE = (33 FORR \/E §AGFVER IR DB (13)

The details of the commutator calculations are presented in Ref. (2) and in the
Appendix.

H ntai ~ WLFDEF? . 2
Equations (9)-(13) contain a free parameter, 53475 A Th

exist many sets {f2UONLs (o " = 2 4)} of parameters ¢ which provide the same
vibration-rotation energies of the vibrational states considered. In order to remove
this ambiguity in the fit of experimental energy levels one has to set a fixed value
for one of the parameters involved in Eqs. (9)-(11). This value, for example, may
be derived by perturbation calculations. Since admissible variations in the r2&D
parameters are of the order of the parameters themselves one can fix one of the
parameters in Eqs. (10) and (11) to zero. On the contrary, the allowed variations

At3Q-FVEF2 myust lie in small range around the value
JFOER _ 3 g @2 T (14)
4, AN 7
- 2 (wrws)'"*

ie.,
IR € iR,

the ADEF2 < X2 is violated and
Hamiltonian expansion may be worse.

o
o
—
=
)
8
=1
<
o

Otherwise the condition s34
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Substituting Eq. (9) in Eqs. (10) and (11) we find that allowed variations
At = — ¢ of parameters of the effective Hamiltonian are related by the equations

4 . s 8
Argg A = - 5m:5f:-hn AGE = o XA,
4 .
AIZ(’ Ey - .~ XA[IH ) , AI’(’lr) —_— XAZI(IJ‘I)~
3\/— 9 2.4 E
1 .
AI?{%FZ) - gXAléfi‘fl)' (15)

where X = 13452 /(6 — 6,). For the sake of simplicity some superscripts of the
parameters are omitted in Egs. (15). For closely lying vibrational levels which satisfy
the relation
Er— 64 ~ Nw (m=1), (16)
one has
A[i&K.F)I}I‘; At éti}l YEF

(17)

lf&“ )sDs )\mz%g.h)Eh >

i.e., small variations in the interaction parameter lead to relatively large variations
in the diagonal r2J%-type parameters.

Strong Resonance Case

In the case of strong resonance it is convenient to rewrite relations (15) in another
form where one of a ArZ&DITs is regarded to be an independent variation. For
example, A’s may be written as functions of Az3G*2F

4 ‘ 8 ‘
AR = — = AGE", AR = 5 AR,
: 4
AER = = MGG, AGRY = - S ARG, (18)
é’ —
A[ (1 FOEF> 3 1 FET A[2(2 h)ﬁol-z (19)
24

As one can see from Eq. (19) in the case of strong resonance [i.e., for (6, ~ Gy4)
< Mw] the interaction parameter £34*V5*2 has to be well defined in the fit because
1t cannot be changed considerably by transformations [(4), (7)] satisfying the order-
of-magnitude restriction (&)

Até(;.l‘])EFz < )\2[_1)(1.1‘})1:‘1’2. (20)
However, all the five diagonal r°J%-type parameters may be changed from negative

to positive values, including zero, by unitary transformation [(4). (7)]. Their changes
are related by Eq. (18).
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5. SECOND-ORDER TRANSFORMATION

According to Table 1 the allowed second-order S generator in Eq. (4) is of the
form

S2 = S%g.f‘z)IiFZ((—l)vggz(l‘z) X R2(2.Fz)),~1| (21)

where the parameters s334252 is free except the order-of-magnitude condition
SFTIEE < \4, (22)
Transformation [(4). (21)] induces changes in the interaction parameter {33725 g

well as in all the (3&D5Fs (5 s = 2. 4) parameters. After the calculation of the

commutator [S,, # 1] we find relations between parameters of once-transformed
and twice-transformed effective Hamiltonians. There is only second-order contribution

t-("l-z)l‘f’ _ [7(7 FDEF: 4 A?(’F )I-Pw(64 _ 6:) (23)

Changes in the diagonal third-order parameters are described by the formulas
;%Q.Az)u = l%g / ”P fz)blzll(l F)EF
2 2 3 \

~ . 2
liu‘l'n)Fze — tiu'Fl)FzF’ + = 32(2 i'z)I'l-ztlll FNER;

~a2 g 2 . e
3 F)WaF2 — 4 3(3.F)F2F: 22 F)EF24 I(1LF)EF2
ti& DF2F2 — l4f4 DE2F2 \@ 32& 2) 21254 NEFY (24)

Changes in the nondiagonal parameters have quite similar form

~ar g . 1 R .

l%%’h)EFZ - t%%,Fl)Eﬁz _ - S%SE,]‘z)Eth‘ltg,I'l)Fze,
5

~aa e . 1 5

[%fg‘h)Eh = I%&?,Fl)lzl‘z — SZ( Fﬁ)f‘l‘?_[l(l f])F2[‘2

V30’

. ) 1 - .
I FEFs — 433.F)EF ALENEF2, 11 FORE
(FIDER = (3QFIER 4 — (IR PIER G FORE (25)

In Egs. (24) and (25) we use tildes for the parameters of the twice-transformed
effective Hamiltonian whereas the untilded parameters are those of once transformed
effective Hamiltonian. Equations (23)-(25) contain a free parameter s37/2EF2,
Therefore there occurs a linear dependence between the parameters 73(4-DF T (s, s

= 2, 4) and the parameter 133?52 This linear dependence is to result in the
ambiguity in the fit of the expenmental energy levels. In order to remove this
ambiguity one may fix one of these parameters.

’



v, AND », INTERACTING BANDS OF XY, MOLECULES 7

As in the case of the first transformation we may rewrite Egs. (23) and (24) in
another form

At“g A2) — _1 //g YAI32F),
3 \/ 3 -
Alifif‘) = % YA3G+
2

Changes in the interaction parameters are related by equations

A = - L Zanem,
B 5
I ‘
ARG = —\@ ZAE",
ABRFD = —= ZABG™. (27)

3\f

As in Eq. (15) we omit here some trivial superscripts and assume that A7 = ¢ — 1.
Parameters Y and Z have the values
{JUFOER: R
Y="——. Z=—. 28
64 - 6‘7 64 - 57 ( )

2 2

Equations (26) and (27) imply that variation of the interaction parameter 3312442

induces changes in the parameters 13 D0 (5, ' = 2, 4).

Strong Resonance Case

In this case it is convenient to choose variation of one of the diagonal coupling
parameters 2&0TTs (¢ = 2 4) to be independent. Let us, for example, take the
parameter 13‘3 “2EE a5 an independent one. Then Egs. (26) may be written in the
following form

3\/5 64— 6, 3(3.42)

ABG™ = = = =iy A (29)
V2 o 5
and
TLF 3 33,4
Al4f4' N = — g ng[zfz" ),
~3(3.F1) 3 3(3.42)
Al4_4’ 1) — Z ng[Z.f 2, (30)
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Changes in the interaction parameters are related by the equations

i g 3 3
At%“'h) o = CAIJ(S‘AZ),
24 5 2 2,2
A;%(‘%J"l) = E_l CA[%(%‘AZ),
§ 2 vg N
- 1
ARG = — - CAE (31)

where C = ¢ JU-FOPF2 g JLFOEF:

For close-lying vibrational levels satisfying the relation |6, — 6,4 < \w (strong
resonance) the allowed changes in the value of the second-order interaction
parameter induced by the second transformation are the order-of-magnitude less
than the value of the parameter itself,

At%f%’FZ)EFZ < AZZ%g,Fz)EFz‘

However, all the third-order r2J3 type parameters may be changed within a wide
range by unitary transformation [(4), (21)]. Their variations are related by Egs. (30)
and (31).

It should be noted that even in the case of strong resonance there exists an
essential ambiguity in the parameter 133252 induced by the first transformation
[see Eq. (9)].

6. THIRD-ORDER TRANSFORMATIONS

There are three generators of the third-order transformation

SHPERS IR, (32)

spgrEns IR, (33
N F: F)EF>

SIPrIERSIGRIER (34)

The commutators of these generators with 6,T39-49EE and 6,T3949F*F* terms of the
effective Hamiltonian contribute to the third-order interaction parameters

~31. _ ) F _
B3GFVER = 3G FVER 4 GJQPIERE, — 64), 3%
HEPER = (R £ SIFERE, — 6), (36)
Z%S‘FZ)EFZ — [%S‘%.Fz)EI-‘z + sgg,Fz)EFz(é’z _ 64) (37)

Third-order transformations also affect all the fourth-order diagonal and interaction
parameters of the r2J*-type. The present discussion is limited to the third-order
terms whose study is sufficient to perform the analysis of the data reported by Pierre
et al. (7).

As one can see from Egs. (35)-(37) the third-order transformations (32)-(34) are
to result in uncertainties of the third-order interaction parameters (345", These
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uncertainties must have the order A%, — &), otherwise the contributions to the
fourth-order parameters would exceed the values of these parameters by an order
of magnitude.

7. SIGN INVERSION FOR ALL INTERACTION OPERATORS

Previous sections discuss only small transformations which do not disturb
conventional ordering of the effective Hamiltonian. For the correct comparison of
the calculated and fitted data (Section 9) we have to consider a unitary transformation
of 7™ which inverses the signs of all the interaction operators. This transformation
is not small but it does not change conventional ordering of the effective Hamiltonian.

Let us write the block HE™ = P#*P of the effective Hamiltonian (1) corresponding
to the »; — v4 dyad in the following form

H, Hp
Heff = ( i E-F ) (38)
Hi r, Hpg

where Hy is a 2 X 2 “operator-matrix,” Hy, is a 3 X 3 operator-matrix, and
Hy_r, is a 2 X 3 interaction operator-matrix of the 0100 and 0001 vibrational
states. The unitary transformation

U= (IE 0 ) (39)
O _] Fa
inverses the sign of the interaction block Hg_,
- Hg —Hg g
He™ = UTHU = ( 2) . (40)
_HZLFZ HFz

Here the notation 1 stands for the 2 X 2 unit matrix and 1z, for the 3 X 3 unit
matrix. Both H™ (38) and He" (40) have the same eigenvalues. Therefore the
common sign of the interaction block is undeterminable from the experimental
spectrum. Note that transformation (39) does not affect relative signs of the
interaction parameters. Therefore one can avoid this kind of ambiguity by a proper

choice of the sign of the first-order Coriolis coupling parameter ¢34V,

8. COMPARATIVE ANALYSIS OF THE FITTED SETS OF PARAMETERS FOR THE .,
AND », INTERACTING BANDS OF CH, AND SiH,

The spectroscopic parameters for the v, and », interacting bands of CH, deduced
by different authors from the fit of the experimental data show pronounced
discrepancies® which involve even differences in signs and orders-of-magnitude of
the parameters in question [see Table 13 in Ref. (5)]. A similar situation takes place
in the case of the », and », interacting bands of SiH,. The object of this section is

2 We use the term ‘“operator-matrix’” to emphasize that matrix elements in this case are rotational
operators.
3 We mean the discrepancies in the parameters recalculated for the same notation.



10 PEREVALOV, TYUTEREV. AND ZHILINSKII

to demonstrate that these distinctions may be explained on the basis of the
transformations considered above.

As an example we first discuss in detail two sets of fitted parameters of the
v, — vy dyad of CH, deduced from experimental spectra by Pierre, Pierre, Champion,
and Lutz (PPCL) (7) and by Gray and Robiette (GR) (9). Let us perform two
successive transformations of the effective Hamiltonian with the PPCL parameters
in such a way that the interaction parameter 134752 = —9.6334 cm™' of Ref. (7)
is converted into the parameter 75452 = —9.52 cm ™! of Ref. (9) and the interaction
parameter t33EF2 = —3.57 X 1072 cm™! of Ref. (7) is converted to zero as in Ref.
(9). The generator of the first transformation is

S, = 5.097 - 1074(VERUD x RIOFOyt, (41)

The parameters of the once transformed effective Hamiltonian are presented in the
third column of Table II. The generator of the second transformation is

S, = —1.6737+ 1074(IVEHF x R2F)h, (42)

Once can also see from Table II that the parameters of the twice-transformed PPCL
Hamiltonian and the GR parameters [Ref. (9)] are in close agreement, except the

TABLE I

The Demonstration of Unitary Equivalence of Pierre-Pierre-Champion-Lutz (PPCL) (7) and
Gray-Robiette (GR) (9) Parameters for Interacting v, and v, Bands of Methane

e Q, ') PECL a b GR
2(0,A1)x102 ~0.6640  -0.4433  <0.4433  ~0,3846

b | 2(2,B)x102  -3.1455 209544 -2.9544  -2.8025
3(3,4,)x10% 0,210 -0.215 —0.6536  ~0.6875
1(19F1) -9.6334 -9452 ~9.52 =3.52

g 2(2,F,)x10°  -3.570 -3.7240 0 0

T 3(’],F1)x105 -0.0828 0

-§ 3(5,F1)x103 0.2300 o

=8 | 3G,F,)%10°  0.1983 0

i
10(1,8,) 10.34721 10434721 10434721  10.3516
2(o,:.1)x102 -0.1813  -043284  -0.3284  -0.3106

) 2(2,E)x102  -0.942 —0.7213  -0.7213  -0.6879

4 2(2,F2)x'102 -2.758 -249235  -2.9235  -3.126
5(1.1-"1)::103 045245 0.5319 1.1765 1.212
3(3,F)x10%  0.2362 0.2429 0.8313 0.8892

8 Once transformed PPCL-parameters

b Twice transformed FPCL-parameters



vy AND v, INTERACTING BANDS OF XY, MOLECULES 11

third-order interaction parameters. One can clearly choose the free parameters
S3GEVER | GQEDER - gand ¢33DER i Eqs. (32)-(34) so that the three transformed
parameters [34FVEF: (3FVER: and (3GFOER gre converted into zero by the third-
order transformations (35) and (36). Thus the “unitary equivalence” of the two sets
of parameters under consideration is proven. The remaining minor differences
between the transformed PPCL parameters and those of Gray and Robiette may be
explained by the following reasons. First, the expansion of #°" was differently
truncated in Refs. (7) and (9), and besides, different experimental spectra were
fitted. Second, there still exists a small contribution from higher-order commutators
which may slightly modify the relations considered.

Analogous comparative analysis was made for spectroscopic parameters of the
v» — v, interacting bands of SiH, fitted to the experimental spectra by Pierre et al.
(10) and by Gray er al. (11). The results are presented in Table III. We made two
successive transformations of the effective Hamiltonian reported by Pierre er al.
(10). The first-order transformation was performed so that the interaction parameter

ﬁ‘i.mf:f‘: = —5.6147 cm™' of Ref (/0) was transformed into the parameter

PUIER = 49814 cm™! of Ref. (11). and the second-order transformation was
performed in such a way as to convert the value of the once-transformed parameter
[35EE = —4.57 % 1075 into the value 7332 = —60.8 X 1077 of Ref. (1]). As
one can see from Table Il there is a reasonable agreement between the twice-

transformed parameters of Ref. (/0) and those of Ref. (11).

TABLE Il

The Comparison of Pierre-Champion-Koslov-Smirnov (/0) and Gray-Robiette-Johns (/1])
Spectroscopic Parameters for v, and v, Interacting Bands of Silane

on-1 QE,n ') ii‘°:‘]‘f a b Gray et al
2(0,A1)x102 -2.338 0.412 0.412 0.250

v, | 2(2,8)x10° -2.938 -0.556 -0.556 -0.429
3(3,A,)%10°  -4.24 -4.57 -60.8 -60.8

Tq

| § 11,2 -5.6147 -4.9814 -4.,9814 -4.9814

%] 2(2,F,)x10° 04111 -2.0369 0.3467 0
2(0,4,)x10°  1.570 -0.263 -0,263 ~0.187
2(2,8)x10°  -2.624 0.126 0.126 0.099

v, | 2(2,,)x102  0.501 ~1.561 -1.561 -1.741
301,F %107 16.75 17.24 99.88 103.25
3(3,F,)x10°  -4.02 -3.57 71.87 83.95

Once transformed Pierre et al. parameters

Twice transformed Plerre et al. parameters
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9. CALCULATED r%J>- AND r*J>-TYPE PARAMETERS OF THE EFFECTIVE
HAMILTONIAN FOR THE INTERACTING v, AND », BANDS OF METHANE.
COMPARISON WITH THE FITTED DATA

The formulas for the r2J% and r>J3-type parameters of the effective Hamiltonian
for the v, and », interacting bands of tetrahedral XY, molecules have been derived
in our recent paper* (4) using the quasidegenerate formulation of contact transfor-
mations (13) and (14).

Our choice of normal coordinates and of the bases of irreducible representations
coincides with that of Refs. (3, 15), i.e. the parameters ¢, ¢, €. (. = 27/3 + ¢,
= 4r/3 + ¢, of orientation of doubly degenerate normal coordinates are taken

all through the paper as ¢, = = and the Coriolis coupling constants (5,4 = —sin ¥y
X cos €, and {3p3- = c0s v ¢os ¢, [Ref. (16)] have the forms
$ibaz = SIN Y = {oq, $p3: = —COS ¥ = (3.

In the second column of Table IV our calculated parameters for the v, — v, dyad
are listed. These calculations are performed using the perturbation formulas of Ref.
(4) and the anharmonic force field of Gray and Robiette (3). These results will be
referred to as “direct” calculations. The molecular parameters used are summarized
in Table V.

Pierre et al. (7) chose another set of orientation parameters associated with
¢; = 0, therefore, all the interaction parameters of their paper have opposite signs.
Before the comparison of the calculated and fitted parameters of Ref. (7) one has
first to perform transformation (40) which changes the signs of the interaction
parameters and is equivalent to the appropriate change of orientation of doubly
degenerate coordinates.

As one can see from Tables Il and IV the parameters derived by the “direct”
perturbation calculations do not coincide with the fitted parameters of Gray and
Robiette (9) nor with the fitted parameters of Pierre er al. (7). There are especially
large discrepancies in the case of the r2/*-type parameters. However, there are no
real contradictions between the calculated and fitted parameters in this case since
these sets of parameters may be matched by the unitary transformations considered
in Sections 4-7.

Let us consider, for example, the calculated parameters and the PPCL parameters.
The second-order transformation (4) having the generator

S,=-7.25. 10*5((*1)\75552(&) X R2(2.Fz))A| (43)

transforms the set of directly calculated parameters into the set (column 3 of Table
IV) which is rather close to the fitted parameters of Ref. (7). The free parameter
$3GFIEF is chosen so that the calculated value 1332FE = —0.020 X 1073 cm™! is
converted by transformation (4) into the CCPL value 13328 = —0.210 X 1073
cm™!. The first-order transformation [(4), (7)] appears to be negligible in this case.
The conclusion of the present section may be summarized as follows. The direct
perturbation calculations using contact transformation result in the effective Ham-
iltonian D # " which does not necessarily coincide with the effective Hamiltonian

4 There are some misprints in Appendix II of this paper. The true formulas for 139+"£€ and

parameters are presented in Ref. (8) or in Errata (12).

tZKOVA DEF2F2
44
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TABLE IV

The Comparison of Theoretical and Experimental Values of Spectroscopic Parameters
for Interacting v, and v, Bands of Methane Molecule

o™ Q (K,n I' ) Our direct cal- Unitary trans- FPPCL pacame=
culations & formed parame- ters
ters
2(0,4,)x10° -0.521 -0.521 -0.6640
v, |2(2,8)x102 -3.135 -3.135 -3.146
3(3,4,)x10° -0.020 -0.210 ~0.210
§ 101,F) +9,6321 -9.6321 -9.6334
..
T 5 2(2,¥,)x10° +5.366 ~3.771 -3.570
~ 3
=~ e
=3
—
1(1,%,) 10,2446 10,2446 10.34721
2(0,4,)x10% -0,064 -0.064 -0.1813
L 2(2,B)x10° -1.080 -1.080 -0.942
I
2(2,F,)x10° -2.893 -2.893 -2.758
3(1,8,)x10 0.251 0.530 0.525
3(3,%,)x10° -0.014 0.241 0,236

® The formulas of Ref.(4) and anharmonic force field of Ref.(3) were
used.

P Rer. (7).

i) 7 Jeduced from the fit of the experimental data. Even if these two effective
Hamiltonians have the same eigenvalues they may still have different parameters
since they may have different eigenfunctions { ¥}, The additional transformation
[(4). (43)] which matches the eigenbases of 7T to the eigenbases of .77 of
Ref. (7) makes it evident that there is, in fact, a good agreement between the
calculated and fitted data for the v, — », interacting bands of CH, (see, for example,
columns 3 and 4 of Table IV).

10. REDUCED EFFECTIVE HAMILTONIAN FOR THE 0100 AND
0001 INTERACTING STATES OF Td MOLECULES

In order to avoid the considered kind of ambiguity we suggest the use of the

reduced effective Hamiltonian® for the », — v, interacting vibrational states.
Some terms may be removed from the Hamiltonian (1) by appropriate choice of

> The term “reduced Hamiltonian™ was introduced first by Watson (/7) in his study of the centrifugal
distortion Hamiltonian of asymmetric molecules. The reduction procedure has been generalized to
interacting states of asymmetric top molecules in Ref. (/8). For degenerate vibrational states of spherical
top molecules the reduced Hamiltonians were suggested in Refs. (4, 2). The reduction of r2/*-terms for
the v,-», interacting states has been discussed in Ref. (8).
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TABLE V

The Molecular Parameters Used for the Calculations of r2J°- and r2/3-type Spectroscopic Parameters
for », and », Interacting Bands of '>CH, [All parameters are taken from Ref. (3)]

-1

constants values in cm constants values
k)
Wy 3025 S 2 o oa -0.7974
g_ _ A
@2 1583 20 = $ob o4z 0.6034
- ¢
“3 3151 334 = S3x 4y 0.7218
6 ¢ = :
wy 13617 3% O o3y 0,0462
B 5321 r = ¢
e 2e2 54 $4x 4y 0.4538
-1 -1
Kije values in cm Kije values in cm
Kqiqq -149.3 K334= Koa 35 42 -24.5
K.n= K. . a v I -
lec 1ca <ca 1 l\244'_=. I\2a 42 4Z -0
K133% K3z 32 -162.3 3335 K3x3y 32 -171.8
K134 Biax 4x -3.2 K334% K3z 3y 42 =21
Kiga= Kpax 4x 38.2 K344% Kap 4y 42 -25.5
K222= ¥pa 20 22 88 K104= Xpx 4y 42 -21.2
K233% Xoq 32 32 =153

free parameters in S generators (5, 6). The resulting reduced effective Hamiltonian
contains a smaller number of ndJlu,__t,ahlP parameters compared to exnanunn (1).

From the practical point of view, in order to obtain the reduced Hamiltonian one
has to fix to zero (or to other given values) the removable parameters in expansion
(1). The number of removable terms coincides with the number of free parameters
in S generators. The fixed parameters must be chosen so that transformations
having generators (5, 6) become forbidden. In order to avoid the ambiguity caused
by transformation (7) one may fix to zero one of the parameters ¢2KDNTs (¢ = 2

4). Let this parameter be (33572 This ch01ce is equivalent to the unitary

transformation of the effective Hamiltonian with generator (7), where
9 t2(2,E)F2F2
séfi,Fl)EFz -2 :3‘: — (44)
4 12}4, 1). 2

The parameters of the reduced Hamiltonian are related to the parameters of the
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unreduced one in the following way. For the interaction parameter ™% 4-FV£% one
has

redy I(LFOEFy — (1(LF)EF: 9 6, — 64 22EW2F2 (45)
24 2.4 4 tl(lFI)EFZ 4.4

For the diagonal coupling parameters these relations may be written as

redl%fg,Al) = [%f‘(l).Al) _ lif‘%.lf)‘
red,2(2,E) 22.E) V§ 22.E)
1357 =657 = 15 (46)
and 5
redy 20,40 = 12040 4 24 1256, (47a)
red[%‘f&’z.E) =0 (ﬁXCd). (47b)
2 F 3 20.E
redj 20,02 = (205D Z 133:6), (47¢)

It should be noted that this transformation gives rise to the contributions to the
higher-order terms as well.

To avoid the ambiguity caused by the transformation having generator (21) one
may for example fix to zero one of the parameters /3%D0Ts (¢ = 2. 4). Let this
parameter be 33£E This choice is equivalent to the unitary transformation of
the effective Hamiltonian having generator (21), where

33 AEE
GU2FIEF: — 3VE 122
2,4 \6 l%(‘l‘["l)lin '
The third-order parameters of the reduced Hamiltonian are related to those of the

once-transformed Hamiltonian [the transformation having generator (44)] in the
following way

(48)

redy 3342 = () (fixed). (49a)
red 30 = (30FD % \F(,[gg“q:)q (49b)
red33F) = (IG5 4 g fS[gg.A:»_ (49¢)

For the interaction parameter 133252 gne has
redlzv F2) - l;g.f‘:) + 3_‘/_§ 6_4:_£ ,g(zl 12) (50)

PR

After the restrictions of the types (47b) and (49a) are imposed, there are no longer
“degrees of freedom™ in the effective eigenbasis {¥°"}. Transformations (7) and
(21) become forbidden, i.e., one cannot perform them without violating Egs. (47b)
and (49a). This is the reason why one can expect to have unambiguous calculations
based on the reduced Hamiltonian. This proposition is confirmed by Table VI
where the parameters of the reduced Hamiltonian for the », and v, interacting
bands of methane recalculated from those of Refs. (7) and (9) are presented. The
differences between the values of the parameters in Table VI are much less
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TABLE VI
The Parameters of the Reduced Hamiltonian for the », and v, Interacting Bands of Methane

Q(K,T') in en™" a b c
2(0,A1)x102 0.278 04303 04559
b 22B)x0° -2.330 -2.207 -2.200
3(3,4)x10° 0 0 0
o
(=]
s
HRICE® R -9.159 -9.072
LB 2e2,F,)x0? -6.296 -6.623 -6.626
Bl
Eal
2(o,A1)x102 ~0.809 ~0.769 -0.784
2(2,E)x10° 0 0 0
v, 2(2,F,)x10° ~3.465 -3.642 -3.703
3(1,171)1103 0,216 0,202 04221
5(3,?,,):103 -0.045 -0.033 ~0,041

a - recalculated parsmeters of Ref.(9);
b - recalculated parsmeters of Ref.(?);

¢ - our direct calculated parameters.

pronounced than the corresponding differences for the parameters of an unreduced
Hamiltonian (see Tables II and IV).

The reduction procedure can be easily generalized to higher-order terms. The
number of the adjustable parameters of unreduced and reduced Hamiltonians for
the interacting 0100 and 0001 states of tetrahedral XY, molecules is presented in
Table VIIL

TABLE VIl

The Numbers of Parameters of Unreduced and Reduced Hamiltonians for Interacting 0100
and 0001 States of the Tetrahedral XY, Molecules

Type Unreduced Hamiltonian Reduced Hamiltonian
of operators Diaegonal Interaction Diagonal Interaction

operators operators operators _operators

2y 1 1 1 1
r23° 5 1 o Ty
rég3 3 3 ~__-2—__,[—“—_--3__
254 10 3 —__6——_] =5
255 5 6 T e

236 16 6 - ==

We recommend to truncate the expansion of J(’e// for methane and silane as indicated
in Teble by dotted lines
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11. CONCLUSIONS

The major conclusion is that the r°J%type parameters (2 = 2) of the interacting
v, and v, bands of XY, molecules are not spectroscopic constants. There are many
sets of such parameters. The distinctions between these sets are due to nonphysical
distinctions in the eigenfunctions of associated effective Hamiltonians. In order to
make consistent comparisons of the fitted parameters of different studies or
comparison of the fitted and calculated parameters, one has to take into account
transformations (5) and (6). A possible way of performing an unambiguous fit of
experimental data is to use the reduced effective Hamiltonian.

The above conclusions have been recently verified in a series of actual fits of
experimental energy levels of the v, and », interacting bands of CH, and SiH,
performed together with Champion and Pierre (/9) using computer programs
developed by Dijon group. The behavior of the fitted parameters appears to be in
agreement with the relations discussed in the present paper.

APPENDIX
Cualculation of the Commutators and Anticommutators
of Rotational Tensor Operators
Rotational tensor commutators and anticommutators are calculated using the

following formula

[RQI(JIJII‘I)‘ RSZ:(’Jz,Izl‘z)]»; = _l_ Z Z (1 + (_1)J1+Jz+13)

\[[;] nJy b
X (= DPV2J5 + 1K, By B (1ol oS5 RE 870505

where K, 74,7 are isoscalar coefficients tabulated, for example in Ref. (5), and
((J1J2]}6J3)) are genealogical coefficients [Ref. (20)]. The definition and detailed
discussion of calculation of vibration-rotation tensor commutators can be found in
the Appendix of Ref. (2). We give here the list of the rotational anticommutators
used in the present work.

[Rl(l.l"l). Rl(l.Fl)]i(Z.E) - "ZRZ(Z'E),
[Rl(l.Fl)Q Rl(l,Fl)]i(le) = __2R2(2.F2)’
[Rl(l,lﬁ)’ Rl(l,l"])]i(().m) — "2R2(0“4I),

[Rz(z.f‘:)‘ Rl(l.Fl)]i(lAz) = 2R3(3,Az)‘

[Rz(z,f‘z)’ RIFOPULFD = % V§R3(l.l’|)‘

[R?.(Z.Fz) Rl( 1 .Fl)]i(-"-Fl) —

o

2
/2 RIGFY,
5

\ /
i
/

[RZ(Z.Fz) Rl(l.l-'|)]3(3.l"3) =2 /é R3(3.F2)_
’ N \/' 3
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Calculation of the Commutators of Vibrational Tensor Operators

The vibrational commutators of the present paper may be calculated using the
general relation

, , I, Ty T o C
[(af X a)", (ag X a)™]t = 6],1\'{F Fk Fl}(—l)l‘ﬂl VT ][Ta)(a X ay)
> ;

— 511{5? %: I, }( 1)FA+I f]]+]’7v [F (31\ aj)l‘
I Ty T,
rn r T
obtains the vibrational commutators

where { } is 61" symbol of the Td group. From this formula one readily

/W
e R 2 2V2
[Végz(h)’ (ll)Vfgz(fn)]E = — \/ g V—fé Yy _ IT th(l)

[V’EQZ(F'), (*l)vg“l‘i‘z(h)]liz - Vﬁ;h(h).

§\~

o - ) 2 2
[Vé:‘l;z(h), (—l)Véz‘Sz(h)]Ajy =i \/ §V2E.§(Al) — ,3_ V‘l".zé{b(ﬂll)’

EFo(F —OyFPFAFN 2 o yERAF
[VERUD oyt < 5 VERED

i} . 2 .
[(—1)V£§zuz)’ (~\)V§‘§z(F1)]fz = —j \/; V%‘(‘”).
~DWEFF) (—IWEFAFINF1 — jwE2F)
[( )szf( “),( )V2~42(f1>]71 — 1V4‘24 2 1)‘

NPT i
—OWyEFAFY) (—WyFFaAF)F2 — 1 th
[( h Y 2,42( )ﬂ ( )V4f4 2 |)]ﬁz - (- )V ( )

23

[(—-l)vgjﬁz(h), <7llV‘It“‘an(F1)]I_’\ I UVH‘Z(M

i
2
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