MINIMIZATION OF THE ENERGY FUNCTIONAIL ON
A SPECIAL CLASS OF UNITARY OPERATORS

B. I. Zhilinskii and N. F. Stepanov

Conditions of an extremum of the energy functional under transformations of the Hamiltonian
corresponding to a change of variables are found. The relationship of these conditions to
hypervirial theorems is considered.

When quantum-mechanical problems are soived by methods of approximate separation of variables,
like the single-particle approximation and the Born — Oppenheimer approximation, the results depend on
the choice of the coordinates system in which the variables are separated {1, 2, 3], This is as true for
problems that are exactly solvable in some coordinate system [3] as for problems that do not admit separa~
tion, The best known example is the determination of the ground-state energy of the helium atom by ap-
proximate separation of the variables in spherical coordinates and Hylleraas coordinates (4],

In the present paper we pose the problem of finding the coordinate system in which the one-coordi-
nate approximation gives the best energy result, For this we must investigate the extremal conditions of

the functional
<H(Pn!ﬁ|H(pn>=I(E), )]

where ¢, is the one coordinate function and g ranges over the set of Hamiltonians that describe the given
system of particles in all possible coordinates,

We shall assume that the change of ¢, can be formally specified by some change of variables* de-
fined, perhaps, by means of a different functional form for different monotonicity sections of the function
¢n- The corresponding parts of the function must be continued in modulus to the entire domain of defini-
tion of the variable, and in the case of a finite domain of definition one may also require continuation of the
domain of definition itself, Then the extremum of the functional (1) will not depend on the form of Pp -
Nevertheless, the coordinate transformation itself stili depends on ¢,,. To avoid this indeterminacy, it is
sufficient to assume that the ¢, are solutions of the one-coordinate equations in the original coordinate
system.

We shall restrict the treatment to changes of variables that can be described as unitary or isometric
transformations of the coordinate operators [5, 6]. In this case the set of operators H in the different
coordinate systems will be defined as the set of unitarily transformed operators UHU™ with unitary opera-
tors U of special form corresponding to a change of variables

Uz,U~ = Fi(2y, ..., ), (2)
k
Uzexp[iZ{Pn,fn(xi,...,ack)}], (3)
n=i
where Py is the momentum operator conjugate to the coordinate xy; f (xy, . . ., xi} is a function of the coor-

dinates alone; {A, B} =1/2(AB + BA) (the relation between the functions f, and Fj is briefly considered in
the Appendix).

*In the case of a function ¢, that depends on two or more variables this cannot be done.
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Thus, the problem reduces to finding the extremum of the functional (¢|UHU-!|¢), where ¢ = H o

is a given function, on the class of unitary operators (3) corresponding to a change of variables,

In order to vary the functions f,; on which the unitary operator depends we use the formulas for dif-
ferentiating exponential operators with respect to a parameter [7]:

z i 1 (4)
oe j.dt e 7 (L) ePe? = ¢” j dte2 7’ (1) e,
PP ;
a -7 i » i
e [drez (et = — [ dt e 2 (1) e, (5)
()l' a 0
Using them, we obtain an expression for §U:
13 P 3 R i 3 i
U = [ -——exp(i 2, f(zer ..., )+ aj})] - dt exp [it P, fj}]{Ps, 5fs}exp[—it r, fj}] U.
Loz lL e N ML )
Noting that the variations 6fj(xy, . . ., xi) are independent, we obtain a system of k equations that
must be satisfied for arbitrary 6fj:
p|[4,, UHU-*)|¢> =0, s=1,..., k,
. " i (6)
A, = jdt exp [it Z{Pj, ft } {P,, 8f.}exp [~— it Z{Pj, i ] .
0 =t =1
Sufficient conditions for (6) to hold for arbitrary 6fj are (see the Appendix)
1
j e (s (%, 1) %0 (%, £) 4 o (X, £) s (3, 2) F oe (% 0) %™ (%, )+ 50 (X, £) 7457 (x,£) ) = 0, (7
0

where
Ys(x, 1) = e UHU-Y o>,
Ko (X, 1) = 7|,
Yas (X, £) = P UHU" |,
Koo (%, £) =Poe= |,

Z = Pj ‘j , =1,... .
Z{ 3. s=1,.. k
The unknown functions f; here enter the exponent of the exponential operator, This greatly complicates the
equations, For the transition to an approximate solution the unknown functions fj can be represented as
expansions in known functions £ with undetermined coefficients eyt

szgl C[jflj(xh...,x]i)-
If {flj} (I=1, 2,...,=)1is a complete system of functions, then the equations obtained from the condition

of the energy functional,
N |UHU ¢y =0,

where
U, = exp [ZZ {Pj, Czj_fzj(xn ey xk)) ]1
it
are equivalent to Egs. (7). For arbitrary M, the equations have the form

So{Bu, UHU ] > =0, s=1,...,k I=1,..., M,

B.= jdi oxp [ it Y 2, cofo) ] @, fls}expr[ —it 3 (2, cuf ]

(8)
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or
UL By HIU|@> =0, s=1,..., k; i=1,..., M,

B, = ;[dt exp [ —it ; {P;, coif uit ] {P,, fitexp {it; (P, c.ifnit ],

depending on which of the relations (4) or (5) are used, The difference between Eqs. (8) and {9) may lie in
the different complexity of the calculations. Thus, if the commutator [B;q, H] is simpler than the Hamilto-
nian itself, it is better to use Eq. (9).

(9)

Instead of the unitary operator Ug, we can use a different expression of the unitary operator with the
same number of undetermined parameters:
. (10)
U5=U“U{z...U1MU21...UZM...U;IM, A

where

Ulj = BXp[i,‘ C[j{Pl,. fl,-(x,, ey bxh)} 1‘

The differentiation of Uy with respect to the parameter is simple, as a result of which the derivative
of the exponent commutes with the complete unitary operator

d
e Ulj = i{Pz, fz;'} Ulj = Uzji{Pz, flj}.
86’11

Equations for the minimization of the energy functional with the unitary operator given by £q. {10}
have the form
(| UulWy, HIU: |9y =0, (11

where

W = 7;}\1 v Ul;%i{Ph flj} Uiir oo Un,
Equations (11) and (9) are hypervirial relations [5]. Thus, optimization on the class of coordinate
systems can be approximately reduced to the requirement that a system of hypervirial relations hold.
APPENDIX
1. We find an explicit expression for the change of variables induced by the given unitary operator.

The direct way consists of summing the commutator series

e“Be~* = B+ [4, B] +%[A, (4, Bl1+....

However, it is readily summed only for the simplest cases of a change of variables. A much simpler form
of the change of variables is obtained when one regards Eq. (2) as a similarity transformation of the Lie
algebra that consists of the elements

Pifi(zy, ooy za) + fas(@y ooy 2}

Then the problem of summing the commutator series can be reduced to the solution of first-order partial
differential equations {7]. Introducing in (2) the parameter t:

& B
exp {t [ijfj+fh+i ]}xjexp {—f [ Pifi b furs }}: F(x, t),

and differentiating this equation with respect to t, we arrive at the equation

& — .
) 9F (x,t) F (x, 1) (12)
*LZ]{" 9z, at

which must be solved simultaneously with the initial condition

F(x, 0) = ;.
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The function F(x) itself can be readily obtained from the solution (12) by setting t = 1:
F(x) = Fix, 1).
The general solution of Eq. (12) is an arbitrary function of k independent integrals:
t41i ﬁ= en =1,k

From the initial condition (13) we determine the actual form of this function:

Digy, ..., ) = 75
where
Cp dz;
gi=1i|—.
1

The determination of the fransformed momentum operator

k 13 k
exp [ ijfj+fh+i ] P, exp [— Epjfi_fk—H ] = Z PFy 4 Fra
J=i =1 =1

also reduces to the solution of a system of differential equations:

oF; (X, t) _ f, (X) 9F, (X, t)
— —Z[Fj(x.,w S — ]

3
Je=

OFper (X, 1) _ Ofne1(x) OF (%, 1)

P A Fi(x, 1 — ,

ot Z [ e ) dx; i ox; \
i=1

-

Fi(x,0) =835, Jj=14 ...,k k+1
To within a real additive function, the form of ¢, the transformed momentum operator, can also be
found from the condition that the commutation relations be preserved.
2. In obtaining Egs. (7) we have used the following assertion: fér
(pi | H OAH 4 HaBAMy 4+ ..+ H AR 4. [ g2d =0 (14)
to hold for arbitrary 0A satisfying
[84,B] =10,

for given Hy, INII, Hy, .\ ., ﬁn’ ..., it is sufficient that

X (BYxa (BY + 2Byt (B) + .+ xn (B)xa (B) 4 ... =0,
Hi| o) = %11 (B) | @2, pi[Hy = {3 (B), (15)

where ¥;(B) are certain functions ofu the operator B, This is obviously proved by substituting (15) into (14).

In the text the assertion is used in the case B = x, on account of which one can use the multiplicative
nature of the operator functions x;(x).

LITERATURE CITED

ok
-

D. R. Hartree, The Calculation of Atomic Structures, New York (1957).

J. O. Hirschfelder and D. W, Jepson, J. Chem. Phys,, 32, 1223 (1960).

N. F. Stepanov and B. I. Zhilinskii, Modern Problems of Physical Chemistry {in Russian], MGU
(1973).

C. C. Roothaan and A. W. Weiss, Rev. Mod. Phys., 32, 194 (1960).

S. T. Epstein and J. O. Hirschfelder, Phys. Rev., 123, 1495 (1961).

M. Langenberg and H. Steinwedel, Z. Phys., 202, 118 (1967).

R. M. Wilcox, J. Math. Phys., 8, 962 (1967)."

[V

=3 5 U

425



