EUROPHYSICS LETTERS ms G10103/B5691, imprimé 22-4-1999

Europhys. Lett., ?? (), pp. (1999)

Monodromy in perturbed Kepler systems: hydrogen atom in crossed fields

R. H. Cushman^1(^∗) and D. A. Sadovskií^2(^{∗∗}) 1 Mathematics Institute, University of Utrecht, Budapestlaan 6, 3508 TA Utrecht, The Netherlands 2 Université du Littoral, BP 5526, 59379 Dunkerque Cedex, France

(received 21 December 1998; accepted in final form 21 April 1999)

PACS. 03.20+i – Classical mechanics of discrete systems. PACS. 03.65Sq – Semiclassical theories and applications. PACS. 32.60+i – Zeeman and Stark effects.

Abstract. – We demonstrate that an integrable approximation to the hydrogen atom in orthogonal electric and magnetic fields has monodromy, a fundamental dynamical property that makes a global definition of action-angle variables and of quantum numbers impossible. When the field strengths are sufficiently small, we find our integrable approximation using a two step normalization procedure. One of dynamically invariant sets of the resulting integrable system is a doubly pinched torus whose existence proves the presence of monodromy.

Introduction. – In 1980 Duistermaat [1] introduced the concept of monodromy in the study of two degree of freedom integrable Hamiltonian systems. Since that time monodromy has been analyzed in several integrable systems of classical mechanics [2]. Monodromy describes the global twisting of a family of invariant 2-tori parameterized by a circle of regular values of the energy momentum map of the integrable system. Its presence is signaled by the existence of a singular fiber of the energy momentum map which is topologically a “pinched torus” [3]. Loosely speaking, if an integrable system has monodromy, then it is impossible to label the tori in a unique way by values of the actions. Since invariant tori are at the foundation of semiclassical EBK quantization of integrable systems, monodromy should manifest itself in the corresponding quantum systems [4, 5, 6]. Because monodromy is quite common in classical integrable systems of two degrees of freedom, it should have many important physical implications in quantum mechanics.

In this note we report the results of the analysis of the geometry of an integrable approximation to the problem of the hydrogen atom in crossed magnetic and electric fields. (This fundamental physical system is an atomic analog [7] of a perturbed Keplerian system.) We show that its geometry is nontrivial and has monodromy.

(�_{) e-mail: cushman@math.uu.nl} (�_{) e-mail: sadovski@univ-littoral.fr}

Typeset using EURO-L^ATEX

Our work is largely based on the original study in [8] (see the discussion in [2, 9]) and the recent first normal form analysis in [10]. We should mention the work on atom in fields problems with axial symmetry [11, 12] which implicitly uses the idea of the second reduced phase space, as well as [13, 14] where the concept of a dynamical S^1 symmetry (and its corresponding “third” integral) is visibly present.

The crossed fields problem. – The Hamilton function of the hydrogen atom in the presence of constant orthogonal magnetic and electric fields [7] is H = P^2 2 − C |Q| + F Q_2 + 1 2 G(Q_2P_3 − Q_3P_2) + 1 8 G^2(Q^2 + Q^2_3). (1)

The direction of the magnetic and electric fields are, respectively, 1 and 2; Q’s are the coordinates in the physical 3-space, P is the 3-vector of conjugate momenta [15]. The first two terms in the right hand side of (1) represent the Kepler Hamiltonian, the third is the electrostatic potential describing Stark effect, and the two last terms describe linear and quadratic Zeeman effect. We have introduced an “effective charge” C in order to have the same kind of parameters as in equation (1.1) of [8]. This latter equation is equivalent to (1) with the quadratic Zeeman term omitted and thus can be interpreted as a case when the magnetic field strength G is small.

A priori the Hamiltonian (1) has a finite symmetry group of order 4, which is isomorphic to Z_2 × Z_2 [10]. Its three nontrivial elements are C_s, which is the spatial reflection in the plane orthogonal to axis G, and the operations T_2 and T_s given by the composition of the anti-symplectic momentum reversal P → −P (also called time reversal) and a rotation by π around the axis F and a reflection in the plane (GF ), respectively. We will see that properly taking these finite symmetries in account considerably simplifies the analysis.

First normal form. – To determine whether our Hamiltonian system has monodromy, we regularize the Hamiltonian (1) using Kustaanheimo-Stiefel (KS) method, normalize it twice and study the resulting integrable system. After the first normalization we truncate at order 2 and obtain the first normal form H_{nf} , which has the regularized Kepler Hamiltonian 2N (=oscillator Hamiltonian) as an integral of motion. (For our original Hamiltonian system 2N is an approximate integral of motion). We give some more details on finding H_{nf} .

The KS normalization of the perturbed Kepler Hamiltonian has been implemented in the atom-in-fields problem by several authors. We follow the recent computation in [10] where a particularly efficient field parameterization is introduced. We scale the dynamical variables in the Hamiltonian (1) so that the effective charge in the Coulomb potential becomes 1. Then we regularize by rescaling time dt → dt/4r and apply the KS map M_{KS} : R^8 → R^6 : (q, p) → (Q, P ). In KS variables our Hamiltonian becomes a perturbed 1:1:1:1 resonant oscillator 2N =^1_2 (p^2 + q^2) with frequency ω = √ −8E/C. We scale time again, so that the frequency of this oscillator becomes 1. The resulting KS Hamiltonian is 4 ω = H = 1 2 (p^2 + q^2) + 1 3 f(q_1q_2 − q_3q_4)^2q^2 + 1 2 g(q_2p_3 − q_3p_2)q^2 + 1 8 g^2(q^2_1 + q^2_4)(q^2 + q^2_3)q^2,

where the field parameters g = εα = G ( 2 ωC )_2 , f = εβ = 3F ( 2 ωC )_3 , (2)

have been scaled so that their powers correspond to the degree in (q, p) of the corresponding perturbation terms. The uniform smallness parameter ε keeps track of the orders in the normal form [15]. An important feature of this parameterization is that we can describe all possible relative configurations of the two fields from the pure Stark (G = 0) to the pure Zeeman (F = 0) limit using the dimensionless quantities

α ≥ 0, β ≥ 0, α^2 + β^2 = 1, (3)

and the scaled uniform field intensity 2ε/ω. Our α and β give a nice S^1 parameterization of the first order Stark-Zeeman perturbation term, whose advantages become clear when computing the second normal form.

The KS Hamiltonian H is normalized in [10] using the usual Lie series method [16]. Truncating the result at second order gives the first normal form H_{nf} (see eqs. (43) and (44) of [10]). Using a polynomial integrity basis (which is more efficient than just a Gröbner basis), we express the terms in H_{nf} as polynomials in the oscillator invariants K_1, K_2, K_3 and L_1, L_2, L_3 (which are the components of Keplerian modified eccentricity [17] and angular momentum vectors, respectively, in KS variables). After reducing the oscillator and KS symmetry of the first normal form on the 2n-level set of the oscillator Hamiltonian 2N , we obtain the first reduced Hamiltonian

H_n = H_1 + ε 2 H_2 = (αL_1 + βK_2) + ε 2 H_2, (4)

where

H_2 = β^2 12 (3L^2 − 17K^2_2 ) + αβ 3 (7K_2L_1 − L_2K_1) − α^2 2 [ 3 2 (L^2_1 + K^2_1 ) + L^2 + L^2_3 − K^2_2 − K^2_3 ] , and the constant terms are dropped. Note that on the 2n-level set of 2N our invariants satisfy the relations

K^2_1 + K^2_2 + K^2_3 + L^2_1 + L^2 + L^2_3 = n^2 and K_1L_1 + K_2L_2 + K_3L_3 = 0, (5)

and have Poisson brackets generating so(4). The Casimirs in (5) define the first reduced phase space S^2_n × S^2_n, the product of two 2-spheres of radius n. Thus removing the Keplerian and KS symmetry from the first normal form gives a two degree of freedom system on S^2_n × S^2_n with Hamiltonian H_n.

Second normal form. – The second normalization introduced in [8] has not been used before in perturbed hydrogen atom studies. To perform this normalization we look at the first order term H_1 in H_n (4). The Hamiltonian vector field X_{H1} has a flow which generates an S^1 symmetry on S^2_n × S^2_n. This is an approximate dynamical symmetry of the first normal form. Averaging H_n with respect to the flow of X_{H1} gives the second normal form H_{snf} . Note that H_1 is an integral of the Hamiltonian system corresponding to H_{snf} . We give some more details on how to obtain H_{snf} . To represent the flow of X_{H1} we take advantage of our parameterization (α, β) and define an automorphism of the Poisson algebra

(K, L) → (T, V ) = (αL_1 + βK_2, αL_2 − βK_1, L_3, βL_2 + αK_1, αK_2 − βL_1, K_3),

which is a rotation. This transformation naturally preserves the Casimirs in (5) and also the so(4) Poisson bracket relations. It can be seen that after dropping the constant terms and rescaling time yet again, the first reduced Hamiltonian becomes H_n = T_1 +^1_2 εH_2 and that H_1 = T_1 generates a dynamical symmetry group S^1. To find the second normal form it suffices to average H_2 over the integral curves of the Hamiltonian vector field X_{T1} . We express the resulting second normal form H_{snf} = T_1 +^1_2 εH_2 as a function of the invariants of the flow of X_{T1} . The algebra of all polynomial invariants of this flow is generated by the functions

N^2 = T^2 + V^2, T_1, π_1 = V_1, π_2 = T^2_2 + T^2_3 − V^2_2 − V^2_3 , π_3 = 2(T_2V_3 − T_3V_2). (6)

Fig. 1. – Singular reduced phase space Pn,0 (left), its projection on the π3 = 0 plane (center), fully symmetry reduced space Wn,0 (right). Level sets correspond to the case with monodromy, a/b = −0.6.

The last three functions are algebraically dependent and satisfy the relation

π^2_3 + π^2 = [ n^2 − (c + π_1)^2 ] [ n^2 − (c − π_1)^2 ] . (7)

Here the values of N and T_1 are fixed at n and c respectively. The above relation is obtained directly using (5) and is the only relation among the invariants π_1, π_2 and π_3. Furthermore, functions π_1 and π_3 are covariants of the Z_2 × Z_2 action, which is naturally preserved by the flow of X_{T1} . It follows that the only invariants necessary to express H_{snf} are the integrals N , T_1, and the functions π^2_1 and π_2 which satisfy no auxiliary relations. We fix the values of N and T_1, drop the additive constant, and arrive at the second reduced Hamiltonian H_{n,c} = n ϵ 8 [ 2α^2π_2 + (1 − 4α^2 − 2α^4)(n^2 − π^2_1) ] = aπ_2 + b(n^2 − π^2_1) = h. (8)

Singular second reduced phase space. – The Hamiltonian H_{n,c} is defined on the second reduced phase space P_{n,c}. Because the S^1 action defined by X_{T1} on

M_c = H^{−1}_1 (c) ∩ (S^2_n × S^2_n) (9)

has fixed points, we must use singular reduction [2] to obtain a parameterized family of second reduced phase spaces P_{n,c}. The geometry of P_{n,c} can be easily analyzed in terms of the invariants of the flow of X_{T1} . This has been treated at length in [8, 9, 2, 18]. We give some more details. Equation (7) suggests that the second reduced phase space P_{n,c} can be realized as a semi-algebraic variety in R^3. Indeed, P_{n,c} is a surface of revolution defined by (7) together with the inequalities |c| ≤ n, |π_1| ≤ n − |c|, |π_2| ≤ n^2 − c^2, |π_3| ≤ n^2, (10) which specify the domain of definition of (5), (6) and (7). From this explicit description we see that P_{n,c} is a sphere in R^3 when |c| < n. If 0 < |c| < n this sphere is smooth, but if c = 0 it has two conical points at (π_1, π_2) = (±n, 0), that is, P_{n,0} is singular (fig. 1, left). Note that in a number of papers on this and similar systems [11, 13] authors represent their problem as a rotator. In other words, they map P_{n,c} to a sphere. When c = 0 this map is, of course, singular. Hiding this singularity has hindered their analysis. In fact, the space P_{n,0} is of primary interest to us. Its two singular points form an orbit of a Z_2 subgroup of Z_2 × Z_2 and thus have the same value of H_{n,0} (8), namely, h = 0.

Fig. 2. – Doubly pinched torus: a heteroclinic connection of stable and unstable manifolds.

We have already used the finite symmetry Z_2 × Z_2 of our problem (1) to express the second reduced Hamiltonian H_{n,c} most compactly. Arguing along the same lines, we can reduce the action of Z_2 × Z_2 on P_{n,c} itself. This reduction is illustrated in fig. 1, where we first reduce the Z_2 : π_3 → −π_3 symmetry to get a planar section of P_{n,0} (fig. 1, center) and then reduce again with respect to Z_2 symmetry π_1 → −π_1 to obtain the fully symmetry reduced space W_{n,0} (fig. 1, right). The coordinates on W_{n,0} are (π^2_1, π_2), which are exactly the invariants of the Z_2 × Z_2 action used to express the second reduced Hamiltonian H_{n,c} (8).

Qualitative analysis of the singular second reduced problem. – We now consider the geometry of the constant level sets of the second reduced Hamiltonian H_{n,0} on the singular second reduced phase space P_{n,0} and lift them back to the space M_0 in (9). In other words, we look at the level sets of the energy momentum mapping of the integrable system (H_{snf} , H_1)

EM : S^2_n × S^2_n → R^2 : p → (H_{snf} (p), H_1(p)) (11)

and show that for an open interval I of field parameter α, the (h, c) = (0, 0)-level set EM^{−1}(0, 0) (that is, the set of all points in S^2_n × S^2_n where H_1 and H_{snf} both take the value zero), is a doubly pinched 2-torus in S^2_n × S^2_n. Hence the energy momentum map EM has monodromy.

We start with the fully symmetry reduced space W_{n,0} where the h-level sets of H_{n,0} in (8) are represented by straight lines [19]. Our task here is particularly simple and we focus on the situation when |b/a| < 1, that is, when

α^2 ∈ I = (√ 6 2 − 1, √ 2 2 ) . (12)

In this case the 0-level set of the second reduced Hamiltonian H_{n,0} has special topology: it is a union of an interval and a singular point. We lift the level sets of H_{n,0} from W_{n,0} to P_{n,0} as illustrated in fig. 1, right to left. Next we reconstruct the 0-level set of H_{n,0} on M_0, that is we find the corresponding dynamically invariant set of the first reduced Hamiltonian H_n. To do this we make use of the reduction map

Π : M_0 ⊆ S^2_n × S^2_n → P_{n,0} ⊆ R^3 : (T, V ) → ( π_1, π_2(T, V ), π_3(T, V ) ) . The fiber Π^{−1}(p) of the map Π over the point p ∈ P_{n,0} is a unique orbit of X_{T1} on M_0. If p is a nonsingular point, then Π^{−1}(p) is a circular orbit S^1, otherwise it is an equilibrium point [specifically, (V, T ) = ±(0, 0, 0, 1, 0, −1)]. If we now look at the 0-level set of H_{n,0} on P_{n,0} (fig. 1, left), which is a circle with two singular points p_1 and p_2, we realize that after reconstruction the points p_1 and p_2 remain points on S^2_n × S^2_n while any other point of this

Fig. 3. – Quantum and classical energy momentum map for quantum number n = 11 and classical value ncl = √ 120. In the case with monodromy (left) the position of the pinched torus is marked by a white circle and the deformation of the local lattice is shown by a sequence of shaded quadrilaterals.

circle becomes an S^1. Thus reconstruction of the 0-level set of the second reduced Hamiltonian gives a doubly pinched 2-torus (fig. 2) in M_0 [18]. Using the results of [3] we conclude that the energy momentum map (11) has monodromy when α^2 lies in the interval I.

Quantum monodromy. – Monodromy is well manifested in quantum mechanics where regular sequences of invariant tori are selected by the EBK quantization conditions [4, 5]. Locally these tori and the corresponding quantum levels can be labeled by the values of (quantized) actions but any global labeling is impossible if monodromy is present.

We construct the quantum analog of the Hamiltonian (8) in terms of the su(2) × su(2) algebra of quantum operators T ± V and solve a simple matrix problem at a fixed value of quantum number n = ⟨T^2 + V^2⟩ = 1, 2, . . ., for all values of quantum number m = ⟨T_1⟩ = −(n − 1), . . . , n − 1. (Note that the classical value of the Kepler integral N is √ n^2 − 1.) This calculation essentially reproduces [20]. Resulting quantum energies are shown by dots in fig. 3. Bold lines in this figure represent stationary points of H_{n,0} on P_{n,0}. They limit the range of the classical energy momentum map EM. Quantum energies form a 2-lattice in the range of EM. In the presence of monodromy this lattice has a point defect located at the value of EM corresponding to the pinched torus. The type of the defect is related to the number of pinched points. If we now define an elementary cell of the lattice and take it along a path which lies entirely in the domain of regular values of EM and goes around the defect (see, fig. 3, left), we can easily follow the evolution of this cell because each small step to a neighbor cell is unambiguous. However, after making a tour our cell does not match the original cell! [The accumulated deformation is described by the matrix

( 1 2 0 1 ) where 2 corresponds to the number of pinched points.] Thus the lattice cannot be labeled globally by two quantum numbers.

For comparison, we show the results of the same calculation for α^2 outside the monodromy interval I (fig. 3, right). This case is well known in the quadratic Zeeman effect [21]. Two distinct regions in the range of EM are clearly separated by the energy of a Z2 symmetric stationary point of H_{n,c}. In the upper region the quantum lattice corresponds to that of a rotator with quantum number j = n, n − 1, . . .. The lower region corresponds to the double well 2-oscillator. Over each of the regions labeling is straightforward.

Discussion. – Our present work raises several interesting questions. We have relied on normalization to find an integrable approximation to an essentially non-integrable system. Most of the invariant tori of the integrable system survive to KAM tori. Since these KAM tori fit together into smooth families of tori, the monodromy present in the integrable approximation survives perturbation and as such exists in the hydrogen atom problem in orthogonal electric and magnetic fields when the parameter α lies in the interval I. Similar questions are associated with “quantum monodromy”. We are convinced that for a sufficiently small perturbation the quantum energy level structure of our system is similar to the one analyzed in this paper.

The perturbed hydrogen atom in crossed fields continues to attract considerable interest of experimentalists [22]. Application of the idea of monodromy to experimental studies depends on how the questions discussed above are answered. We think that our system will be important in experimental studies because one can tune the parameter α so that it goes in and out of the region where monodromy occurs.

REFERENCES

[1] Duistermaat J. J., Comm. Pure Appl. Math., 33 (1980) 687.

[2] Cushman R. H. and Bates L. M., Global aspects of classical integrable systems, (Birkhäuser, Basel) 1997. See p. 408 note to p. 383 for more references on monodromy.

[3] Cushman R. H. and Duistermaat J. J., Non-Hamiltonian monodromy, preprint 1033, University of Utrecht (1997).

[4] Cushman R. H. and Duistermaat J. J., Bull. Amer. Math. Soc., 19 (1988) 475–479. [5] Vũ Ngo. c San, Preprint 1055, University of Utrecht (1998). [6] Child M. S., J. Phys. A, 31 (1998) 657.

[7] We ignore all effects due to the spin of the electron, relativistic corrections, and we also simplify the two-body problem by considering an infinitely heavy nucleus (while in reality mp/me ≈ 1836).

[8] van der Meer J. C. and Cushman R. H., in Proc. of the XV Intl. Conf. on Diffrential Geometric Methods in Theoretical Physics, edited by H. Doebner and J. Henning, (World Scientific, Singapore) 1987 p. 403.

[9] Cushman R. H., in Dynamics Reported, edited by Jones C. K. et al, (Springer, New York) 1992, p. 54.

[10] Sadovskií D. A. and Zhilinskií B. I., Phys. Rev. A, 57 (1998) 2867.

[11] Uzer T., Phys. Rev. A, 42 (1990) 5787; Rau A. R. P. and Zhang L., Phys. Rev. A, 42 (1990) 6342; D. Farrelly and J. A. Milligan, Phys. Rev. A, 45 (1992) 8277; Salas J. P., Deprit A., Ferrer S., Lanchares V., and Palacián J., Phys. Lett. A, 242 (1998) 83.

[12] Sadovskií D. A., Zhilinskií B. I., and Michel L., Phys. Rev. A, 53 (1996) 4063. [13] Gourlay M. J., Uzer T., and Farrelly D., Phys. Rev. A, 47 (1993) 3113. [14] von Milczewski J., Farrelly D., and Uzer T., Phys. Rev. Lett., 78, (1997) 2349. [15] In the notation of [10] subscripts (1, 2, 3) equal (b, e, p), scaled field parameters are α = Gs, β = Fs, ε = τ/n and S = 2ε/ω. [16] Gröbner W., Die Lie-Reihen und ihre Anwendungen, (Berlin, Deutscher Verlag der Wissenschaften) 1960; Gröbner W., Contributions to the method of Lie series, (Mannheim, Bibliographisches Institut) 1967; Deprit A., Celest. Mech., 1 (1969) 12.

[17] Often called after Laplace-Runge-Lentz, see [2], p. 400, note to p. 55. [18] Cushman R. H. and Sadovskií D. A., Physica D, submitted.

[19] This is even true at second order, because Hc,n(π^2_1 , π2) cannot have a π^3_1 term, see [18]. [20] Solov’ev E. A., Sov. Phys. JETP, 58 (1983) 63; Braun P. A. and Solov’ev E. A., Sov. Phys.

JETP, 59 (1984) 38. These authors use b ≈ α�^2 − 2α^2 − 2 as a field parameter. [21] Solov’ev E. A., JETP Lett., 34 (1981) 265; Herrick D. R., Phys. Rev. A, 26 (1982) 323. [22] Neumann C., Ubert R., Freund S., Flöthmann E., Sheehy B., Welge K. H., Haggerty M. R., and Delos J. B., Phys. Rev. Lett., 78 (1997) 4705.